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PREFAC.. 


Tue three great branches of elementary mathematics, mean- 
ing all that should precede the study of the Differential 
Calculus, are Arithmetic, Algebra, and Geometry. Each 
pair of these gives rise to a new inquiry, namely, the con- 
nexion which exists between the two. Thus, it is practi- 
cable to consider separately, 1. The application of arith- 
metic to algebra, and of algebra to arithmetic. 2. That of 
arithmetic to geometry, and of geometry to arithmetic. 
3. That of algebra to geometry, and of geometry to algebra. 

This will, at first sight, appear something like an undue 
quantity of distinction: nevertheless, with the exception only 
of the two-fold comparison of arithmetic with geometry, 
there is in it no degree of separation which cannot be fully 
justified, either as matter of necessity or convenience. 

The application of arithmetic to algebra is made in the 
very formation of the latter science, though based upon 
considerations neither known nor admitted in the former. 
But, nevertheless, those considerations are derived from 
arithmetic in this sense,—that the want of them is suggested 
by the imperfections of the latter, and the method of arriving 


at them by the manner in which those imperfections appear. 
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The ideas to which arithmetic cannot fail to bring us, are 
more than its language has power to express; and the 
passage from that science to algebra consists in the method- 
ical arrangement of the ideas to be expressed, and the 
invention of a language proper for the purpose. The appli- 
cation of algebra to arithmetic is a department of a more 
special character. It is of little consequence whether it be 
made a separate study, or not; the indispensable branches 
of it appear in their proper places, and nothing more is 
necessary than to point out the connexion. The higher parts 
of what is called the theory of numbers have offered, as yet, 
singularly little aid in the application of mathematics to the 
sciences of matter, and may, therefore, be omitted entirely 
by the student whose wishes on this subject are bounded by 
the possession of an instrument -for physical inquiry. Neither 
will the more exclusively mathematical student find any 
thing in that theory for which he should make special pre- 
paration in his elementary reading : I have, therefore, omitted 
it altogether in my Algebra. 

The application of arithmetic to geometry must be made 
as soon as the study of proportion begins. But, viewed by 
the side of arithmetic, geometry becomes the science of 
continuous magnitude in general: that is to say, the con- 
siderations on which: it is necessary to dwell are such as 
apply equally to all magnitudes, as well as to spaces or 
lengths. In the accompanying * treatise, On the Connexion 


of Number and Magnitude, I have endeavoured, at least, 


* I have placed this treatise at the end of the Trigonometry; but 
it should be understood as intended to be read first, or, at least, that the 
two should be read together. 
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to place the real difficulties of the subject before the higher 
class of students; guaranteeing nothing more than this, that 
a larger proportion of readers will understand the tract in 
question than would, by themselves, be able to master the 
Fifth Book of Euclid. The extension of the arithmetical 
notion of ratio, (shewn to be necessary, as well as furnished, 
by the consideration of magnitude in general, but principally 
of space magnitudes), constitutes the primary portion of 
the application of geometry to arithmetic. 

The application of algebra to geometry is divisible into 
two distinct subjects. 1. The science usually called by that 
name, but which may be styled the theory of curves and 
surfaces. I may say of this part of the study, that though, 
on various accounts, it is very desirable that it should be 
made a separate branch, still it is not indispensable. A 
student of more than average intelligence might pick up, as 
he went along, enough of this part of mathematics to enable 
him to pursue his career: no new principles are insisted on, 
and the independent value of the subject mostly lies in the 
very extensive field of practice which it opens in the ele- 
ments of geometry and the operations of algebra. 2. Trigo- 
nometry: the subject of the present treatise; on which I 
proceed to speak more at length. 

The notion which is now studied under the name of 
Trigonometry, is that of magnitude in a state of alternating 
increase and decrease, or periodic magnitude. The term 
itself merely implies the measurement of triangles, as geo- 
metry does that of the earth ; and it is still convenient to 
refer the measurement of triangles (and other figures) to 


 trigonometry, but only as a minute and isolated application. 
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Taking the primary idea of quantity alternately inereasing 
and décreasing, it is obviously of fundamental importance 
to detect a proper method of measurement. The circle 
presents itself for the purpose in the following way. Con- 
ceiving a periodic change of magnitude to run through its 
whole cycle in a given time; let a point revolve uniformly 
round a circle in the same time, starting from the end of a 
fixed diameter. The height of the point above the diameter 
is a periodic magnitude, which goes through all its changes 
in the same time as the given magnitude : and it is, in 
fact, one of the great objects of trigonometry to express 
periodic variation whose law is known in any way, by 
means of the simple species of variation just described. 

^'^ Upon further examining the question of periodic varia- 
tion, we discover in geometry, and in geometry only, a 
species of magnitude which is of necessity periodic, and is 
utterly exclusive of indefinite increase : namely, direction. 
In speaking of the direction of a line as a magnitude, we 
mean to imply that all direction is relative, inasmuch as 
we only judge the direction of one straight line by com- 
paring it with another. No straight line can increase its 
difference of direction from that of another indefinitely : 
after a certain quantity of change, coincidence is reproduced. 
The connexion of direction with length is found to lead to 
an extension of the algebra of positive and negative quan- 
tities, which gives the same power of interpreting a +b =l 
relatively to a, as exists already in the case of +a or —a 
relatively to a. This is an application of geometry to 
algebra ; and, though there does exist a point of view in 


which geometry may appear not absolutely indispensable, 
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and which I have described in Chapter IV., vet it is pretty 
clear that abstraction must advance considerably before it 
will be safe to abandon reference to the science of space in 
presenting algebra complete to the beginner. The progress 
of algebra, in this respect, is very curious. In its infancy, 
geometrical interpretation was rendered necessary by want 
of power in its symbolic language; was abandoned as the 
latter grew to maturity ; and is finally had recourse to again, 
because symbols are now sufficient to express relations of 
magnitude which do not yet exist except in regard to space. 

This modern application of geometry to algebra is traced 
in Professor Peacock's Report on Analysis to the British As- 
sociation, printed in the second volume of their Transactions 
(a.D. 1834). The account there given of this particular 
point, as well as the rest of the article, should be read by 
the student of the higher mathematics with great attention, 
as being equal, in the elementary point of view, and superior 
in the historical, to any thing which has yet appeared on 
the subject. The Report cited has rendered any reference 
to authorities unnecessary. 

I have not inserted any thing on the solution of spherical 
triangles; the subject being one which, though of primary 
use in Astronomy, is but little connected with the funda- 
mental part of Trigonometry. I should have added a 
chapter upon the subject, had I not already published a 
treatise in the Library of Useful Knowledge, to which I am 
thereby enabled to refer the reader. 

A. DE MORGAN. 


University College, London, 
March 1, 1837. 


ADDENDUM 


TO THE 


TREATISE ON TRIGONOMETRY. 


IN page 42, line 18, there is an obvious mistake in the reasoning 
contained in the words, “ But sec @ is greater than 1; therefore tan@ 
is greater than 0." To set this right, let the student omit that 
sentence and the preceding, and supply their places by the follow- 
ing proof, that tan 0 is always greater than 0, whenever the latter is 
less than a right angle. 

1. Let 0 = n$, where n is a whole number, whence p, 29, 
39 .... no, are severally less than a right angle. Then 


tan 26 = EST or tan 249 is greater than 2tan o 
tan 39 = LUE ny > tan26 -tanó > stand 


1—tan2¢.tang 
and so on: observing that all the denominators must be positive 
(since the fractions themselves and their numerators are positive) 
and less than unity. Proceeding in this way, we shew that tann o 
is greater than n tan $ : whence 


tan 0 > — : tang, or a > 2 
$7 0 7 $ 
2. If then we can shew that, by taking n sufficiently great, or 
$ sufficiently small, tan $ — $ is greater than unity, it follows that 
tan 0 -= 0 is also greater than unity. Let a polygon of k sides be 


circumscribed about a oe whose radius is r; then each side of 
the polygon is 2rtan- t and the whole periphery is 2 kr tan T» 
which is greater than the circumference of the circle or 2 xr. 
Hence, 


tan 7 Is greater than d (k being a whole number). 


3. Now, = may be made as near as we please to 0, and either 
greater or less, by properly assuming n and k (whole numbers). 
But, by combining the results of (1) and (2), 

tan = is greater than iu 


Or tan (0+ «) ERE a EPA Ota 


where « may be as small as we please. Hence it follows that tan 8 
is greater than 89. 
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TRIGONOMETRY. 


CHAPTER I. 


DEFINITIONS AND FUNDAMENTAL FORMNULE OF TRIGO- 
NOMETRY IN THE CASE OF ONE ANGLE. 


(1.) Tr1GoNoMETRY originally meant simply the measurement of 
triangles. It now means measurement generally by means of the 
properties of triangles, in all cases in which the connexion between 
sides and angles is concerned, not sides only, nor angles only: 
together with all consequences of such measurements as are useful 
in the higher parts of mathematics. If algebraical symbols and 
operations be adopted, as is now universally the case, it is a branch 
of the application of algebra to geometry. 

(2.) If a line U, taken at pleasure, be called the linear unit, or 
1 of length, then 2U is called 2, ¿U is called 3, and so on. And 
any line incommersurable with U is denoted by a general symbol 
such as a, where, if the line specified were commensurable with U, 
a would be a number or fraction, and aU would represent the line. 
Let aU still represent the line, where, in the theory, a is a symbol 
for the ratio of the line to U ; aud, in practice, a line as near as we 


e Ld Ld ` m bad m 
please to the incommensurable line is taken, namely, — U, and - 
n n 


is substituted in results instead of a. I here suppose the student 
to have read the preliminary treatise: if not, he must be content with 
the application of the following proposition. 

Two lines being given, A and B, either two whole numbers m 


and m can be found, so that B—TA; or so that C A shall be as 


near to B as we please. 
The same considerations apply to any other magnitudes; to 


angles for instance. 
B 
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(3.) Before proceeding to ascertain how a line may depend upon 
an angle, or an angle upon a line, it may be useful to shew that we 
are, by means of geometry, able to determine lines from lines, without 
consideration of angles, and angles from angles, without consideration 
of lines. The complete determination.of some angles of a figure by 
means of the rest, whenever that is possible, is contained in Prop. 32 
of the first book of Euclid. If a, a, .... an be the n angles of a 
rectilinear figure which has no re-entering angles (pointing inwards), 
and if z be the angle made by a line and its continuation, or twice a 
right angle, then 


Uy + ds dado eese. +d, = (n—2)¢ 
In a triangle | Ai +a +a = cm 


Hence all the angles of a triangle are known when two are known. 

(4.) The determination of lines by means of lines depends 
mostly upon the two following propositions : 

I. 47. If A, B, and C, be the sides of a triangle, and if A and B 
contain a right angle, then the squares on A and B make together an 
area equal to the square on C. 

Let A, B, and C, contain respectively a, b, and c, of any linear 
unit. Then (Arithmetic, $ 234.), if a be a whole number or fraction, 
the square on the unit (which call T) is contained aa times in the 
square on A, or the square on A is aa T. Similarly, the square on B 
is bo T, that on C is cc T; whence 


aaT+60T = ccT 


or T taken aa -- bb times is T taken cc times. Therefore, 
aa 4- bb = cc 


[When * a, b, and c, are either of them incommensurable, this 
equation no longer exists arithmetically. We shall give the strict 
developement of this proposition in such a case. Firstly, the ratio 
of the square on A to the square on U (the linear unit) is that com- 
pounded of A; U and A; U. Let A be to U as U to X; then 
(VI. prop. 16.), the rectangle whose sides are A and X is equal in area 


* The parts in brackets are for the student who has read the 
Introductory Treatise in such a manner as to believe he understands it. 

The references are to the articles of my treatise on Arithmetic, the 
pages of my treatise on Algebra, and to the books of Euclid. 
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to the square on U. Therefore, the squares. on ‘A and U' are two 
rectangles. with a common altitude A, and bases A and,X ; con- 
sequently (VI. 1), - E ys 
Square on A : Square on U:: A: X 

But A : X is compounded of A: U and U : X, that is, of A : U and 
A: U. Now, let the. ratio of A: U be represented by a: 1, and the 
compound ratio by aa: 1. Then we have, proceeding in a similar 
way with the other sides, 


Sq.on A : sq. on U :: aa: 1 
Sq.on B : sq.on U :: bb : 1 
Sq. on A+sq.on B : sq. on U :: aa bb : 1 
But, Sq. on C : sq. on U :: cc si 
Therefore, Sq. on A 4- sq. on B :: sq. ou C :: aa+bb : cc 
But, Sq. on A 4- sq. on B = sq. on C, therefore, aa + bb =cc 


or let the ratio of A: U have any symbol a : 1, &c., and let aa: 1 
represent the ratio compounded of a: 1 and a : 1, and let m --n : 1 
mean the ratio of the sum of two magnitudes to U which are severally 
to U as m : 1 and n : 1, agreeably to the definitions in the preliminary 
Treatise, and we have what should in strictness be written 


aa+66b:1:: cc: 1 


When A, B, and C, are commensurable with U, then a, 5, c, 
mean whole numbers or fractions, and the preceding is reduced to 
aa +bb= cc as before. If a, b, and c, be whole numbers or frac- 
tions, such that aU, bU, cU, are very near to A, B, C, then we have 
aa + bb = cc very nearly; but if a, b, and c, be really symbols of 
incommensurable ratios, or rather a: 1, 6:1, c:1, then the pre- 
ceding proposition can only be interpreted with reference to mag- 
nitude; namely, as aa U -- bb U =ccU where aaU : U is the ratio 
compounded of aU : U and aU : U, or A: U and A: U.] 

(5.) VI. 4. If A, B, C, and P, Q, R, be the sides of equi- 
angular triangles; namely, the angles opposite to A and P equal, «c. 
then, 


ue BPO, B:C:Q:R, CrA Rs? 
If the ratios of the sides of any triangle be known, the angles are 


geometrically known ; that is, we can construct the angles, but cannot 
yet find their ratios to one another. 


, 


ry ez I ~ 


X- yY = 
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If the sides of the first triangle be aU, bU, cU, and those of the 
-second pV, QV, rV, we have (a, b, and c, being numbers or 
fractions) | 


-arvbiipig aq = pb 
a aaa | ae i br = qc 
c:ia..T.p cp —7a - 


[If these represent incommensurable ratios, let the student treat 
these equations in the same manner as aa + bb = cc preceding]. 

(6.) I now proceed to a case in which lines are numerically de- 
termined by lines. Let there be a triangle ABC, in which, U being 


^ 


axe 


“A i K B 


an arbitrary linear unit, we have 


BC =a required CK, the perpendicular on cU ; and 
Dx AK and KB, the segments * of AB. 
CA = bU | 
Let AK — xU, KB = yU, KC = pU 
Then, in the first case, x+y=c 
weeeee Second .. x—y=C 
In both g? +p? = b c y? 4p = «a 
x First Case. ' Second Case. 
f o 
at—y? = ba? a? —y? = bPa 
c(x — y) = b—« c(x +y) = b?’—a? 
c(a+y) = ce? c(x— y) = cè 
2cx = B+ e—a  2ex = Bea 


* If K be a point in AB, or AB produced, A K and KB are called 
segments of AB, in all cases. If K lie between A and B, AK + K B = 
A B; if K lie beyond B, AK~KB=AB; if K lie beyond A, 
BK—KA-AB. 

/2 AY 


^. 

2 ` es 

5 - 4, = Ó —— 
x 


f 


wey 
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First Case. Second Case. 
b? + c?— a? b? + c?— a? 
Se | ———— 
2c 2c 
2cy=Ce+a°—F6 2cy = b —a—c 
_ +b _ Pee 
Y =a y——3c 


But both cases might have been contained in one, by adopting the 
conventions of algebra, instead of keeping to arithmetic ; for, if we 
suppose the second case to be made from the first by moving B to 

^ the left, we see that BK will be measured in a direction contrary to 
that which it had at first. If, then, the formule of the first case had 
been used to determine B K in the second case, we should have been 
warned to measure BK in a direction contrary to that assumed, by its 
negative sign. For instance, let c—2, a—3, b==4; then we have, 
taking the formula of the first case, 


_ 449-16 — 3 
v 4 4 
That is, BK is QU in magnitude, not on the same side of K as in 


the case from whence the formula was arithmetically derived, but on 
the contrary side. (Algebra, chapters I. and II.) 
To find p, we observe that 


_ 4a2c?§—(c? + a? — by 


P =y 23 
_ [Rac— (e) [22e pepe t] 
xd 4c? 
{Puy} (ao — P3 _ (abo late betda) (b+a—0) 
E 4c E 4c 
Let a+b+c=2s c? p? = 4s(s—a)(s—b)(s—c) 


b --c— a -—2(s—a) 
c+a—b=2(s—b) 
a+6b—c=2(s—c) 


cp =2Vs(s—a)(s—b)(s—c) 


As this result will appear in the sequel, we have chosen it as our 
instance ; and by proceeding with the two propositions in question, 
it is thus possible to determine lines in terms of lines, without the 

B2 
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necessity of employing angles as means of expression. I now pass 
on to the consideration of an angle connected with a line. 

(7.) From the Sixth Book of Euclid it appears, that though 
given lines will determine angles (as, for instance, the three sides of a 
triangle being given, the angles can be constructed, both internal 
and external), yet that it is not necessary to give the lengths ; for 
any other lengths which have the same relative magnitudes will 
give the same angles. Indeed, the Sixth Book of Euclid is, in great 
part, an inductive proof of the following proposition. If the absolute 
lengths of all the lines in a figure be altered in the same ratio, the 
angles of the figure are not altered : hence, angles depend upon the 
ratios of lines. The line with which an angle is most connected is 
the arc of a circle, and it will be necessary to know something more 
of this figure than can be directly found from the elements. We 
shall indicate the principal steps necessary, which may be readily 
filled up by a student who understands the Sixth Book. 

(8.) Derrnrtron. A bounded figure is called conver, when 
no straight line whatsoever can meet its boundary in more than two 
points, unless it be itself part of the boundary. 

(9.) TuronEM. If one convex rectilinear figure be entirely con- 
tained within another, the boundary of the contained figure must be 
less than that of the containing. | 


Op 

Let ABCDEF and GHIKL be the containing and contained 
figures, then, 1. MN is less than MABN, or MNCDEFM is 
les than ABCDEFA. 2. Similarly, LODCNL is less than 
MNCDEFM; 3. KPCNLK is less than LODCNL ; 
4. KIQLK is less than KPCNLK; 5. KIHGLK is less than 
KIQLK. Whence the proposition. 

(10.) Posturats. Let it be granted that this theorem is also 
true of convex curvilinear or mixtilinear figures. 
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(11.) THEeores. Ifthe homologous sides of two similar recti- 
linear figures may be made as nearly equal as we please, the figures 
themselves may be made as nearly equal as we please, both in length 
of boundary and area. We leave the demonstration to the student, as 
it is a very simple consequence from the Sixth Book. 

(12.) TuEoREM. For every rectilinear figure which can be de- 
scribed in any one circle, a similar figure can be described about any 
other circle. We shall merely indicate the construction, and leave 
the student to finish the demonstration. Let C be a circle, and P 
any inscribed polygon; let C^ be another circle; in it inscribe P’ 
similar to P. Bisect every side of P’, and draw radii through the 
points of bisection. From the extremity of each such radius draw a 
tangent; then will the polygon P", formed by all the tangents, be 
similar to P' and to P. 

Corollary 1. The circleg&amd C' d contained, both as to length 
of boundary and area, between P'and P" 

Corollary 2. By making the radii sufficiently near to equality, P 
and P" may be made (11.), both in boundary length, and area, as near 
as we please to each other: and if we are at liberty to give P as 
many sides as we please, and as small (10), the same follows of the 
circlepséinerd: C themselves. 

Corollary 3. And all these results are equally true of sectors of 
circles which contain the same angle. 

(13.) THeorem. If in a circle a polygon be described, of which 
no one side exceeds Z in length ; then, if Z may be made as small as 
we please, the polygon and circle may be made as nearly equal as we 
please, both in boundary length, and area. 

For, under these circumstances, as may be easily shewn, the in- 
scribed and similarly superscribed polygons may be made as nearly 
equal as we please in both respects; and (10.) the circle lies between 
them in both. 

Corollary. The same is true of any sector of a circle. 

(14.) TüroREw. The circumferences of circles (or of similar 
sectors) are as their radii, and their areas as the squares on the radii. 

Let the radii be R and R’, and describe in the circles two similar 
polygons, having all their sides severally less than Z. Let P and P 
be the whole boundary lengths of the polygons, and let C and C’ be 
the circumferences of the circles. But the boundary lengths are pro- 
portional to the lengths of two homologous sides, which are to each 
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other as the radii, and (12.) by making Z sufficiently small, these 
same lengths may be C — K and C’—K’, where K and K’ are as 
small.as we please. Thence, we have (however small K and K’ 


may be), 
C—K:C—EK::R: R 


If possible, let C be to C’ not as R to R’, but, firstly, in a greater: 


ratio. Then 


C isto C' morethan C—K is to C’—K’; 
or mC exceeds nC’ where mC —m K does not exceed nC’—nh’. 


Let mC 2nC'--V ; then nC’ +V—mK does not exceed nC’—nh’, 
and, still more, does not exceed nC’ 


Consequently, mK is at least equal to V; but V is determined with- 
out reference to K from C and C’, and K may be as small as we 
please. Therefore, it may be so taken that mK shall be less than V. 
But if the supposition under trial be true, mK must at least be equal 
to V ; therefore, that supposition is not true, or C is not to C’ more 
than R to RV. If possible, let it be less; then we have, by similar 
reasoning, 


mC. is less than nC’ where mC—mK is not less than n C'—an E. 


Let mC-nC'—V; then nC’—V— mK is not less than nC’—n E’, 
still more then n C'—V is not less than nC'—n K’; 


or, 2K’ is at least equal to V. This, as before, shews that the sup- 
position cannot be true. Whence the first part of the theorem 
follows ; and the same may be similarly proved of the sectors. 

Let A and A’ be the areas of the circles, and Q and Q’ the squares 
on the radii; whence it follows, that A — L and A’—L being the 
areas of the similar polygons, (12.) L and L' may be made as small 
as we please. But (VI. prop.49)) we must have, 


A—L: A-L: Q: Q 


and, precisely as in the former case, we find that A is to A’ neither 
more nor less than Q is to Q’. Hence, A is to A’ as Q to Q’. 

Now, let the student shew, that the area of a regular circumscribed 
polygon of n sides is į}nrsT (see next article), sU being one side: 
and thence, that cU and aT being the circumference and area, we 


must have a = icr. 


a 
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(15.) Algebraically, let rU and r’U be the two radii, cU and 
c’U the circumferences ; then we have, 


/ 
; C C 


e / e e e PET = — 
eidir: o - =o 
If T be the square on U, the areas aT and a’T’ are as rr T and 
r'rT, or, 
/ 24 a a’ 
ar:ade:rr: rr a 7 ui 
a 


zi are incommensurable ; 


(16.) The ratios represented by = and 


but we have very nearly 
c 9. 355 a — 355 


7 X T3 7: 7 113 
Let the ratio, which is incommensurable, but very near that of 


355 : 113, be represented by + : 1; or, in the more common way of 


c 
speaking, which uses incommensurables as commensurables, let = 


which is the same for all circles, be called 2%. Then we have 


c= aor a = zr? 


355 » 
7 = nearly i1. = nearly 3°14159 
To prove the preceding, we have not yet the means. Let us agree, 


c o. 
however, to denote 7 whatever it may be, by 2 ~. 


[But for those students who dislike to leave any thing behind 
which is afterwards to be proved, we shall establish the following 
proposition, which assigns the approximate value of +. 


Let BC, D E, be the sides of regular polygons of n sides, in- 
scribed and circumscribed about the circle where radius is OA. 
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Draw a tangent at B, and complete the figure as shewn. Then will 
BA, AC, be sides of the polygon of 2 sides inscribed,- and B K, 
KA, are halves of sides of the circumscribed polygon of 2n sides. 
Let I, and Ep mean the areas of the interior and exterior polygons 
of p sides. Thence, we have, 


I, : Ion :: triangle OBC : 2x triangle OBA 


Sa cll ier OBM: ...... OBA 
:: OM >. OA 
L, : E, :: triangle OBA : . triangle ODA . 
OB ps OD ` 
| OM : OA 
, . Therefore, Lor: tB 


If, then, T be the square on the linear unit U, and if In = in T 
.&c. we have 


don = V in En 
Again (VI. 3.), 
AK: KD:: AO : OD:: MO : OB 
AK: AD:: MO: MO+OB 
: MO: MO+0A 
< IL 3:44, + len 
And E., : E, 1: 2x triangle AOK : triangle AOD 
7: 2AK : AD. 
eC Ln sda deles : 
hence | lan = = 
i Á ams in + lon 
which formule, namely, ` i 
Qign? i 
tn T ls n 
enable us to pass in numbers approximately from the areas of any 
inscribed or circumscribed polygon, to those of double the number of 


lon = N inen Con = 


sides. 
` Let the linear unit be the radius itself, and T, therefore, the square 
on the radius. We have, then, on inspection (or IV. 6, 7.) 


I, = 2T E, = 4T 
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0:552 e, = 4 

| = VB =2V2 ES vi Lao. 

ty 8 2V2 A s a( V 2—1) 
—Ó _ . 82(2— V2) 

ig AV 2— 2 Ce = 77/7 Kee. 


a/V2+4V 2—V2 
These expressions shew no very easy law; but if we begin with 
approximate values of the second pair, namely, 


i, = 2 i = 28284271 

e, = 4 e, = 3°3)37085 
and proceed with these approximations, it will be found, by a calcu- 
lation which may appear laborious (but, as we have said, this digres- 


sion is for students whose industry exceeds their disposition to believe 
without proof), that we have 


oe 


Approximate fraction 


Number of sides of T contained in Ditto, Ditto, of the 
in the polygon. the area ofthe in- circumscribed polygon. 
scribed polygon. 

d. de A RS .... 2:0000000 ........ .. 40000000 
— Ó—MÓ $,/72:02942 LT. o du dcr ees 3:3137085 
IO: cra space was 3°0614674 .......... 3:1825979 
op — IP 3:1214451 ..... v x 3°1517249 
OF augue euwawe 3°1365485 .......... 3°1441184 
p T 3°1403311 ........ ee 3:1422236 
290 29 ee ead o1 91112662. 4435593 3:1417504 
912 5:454 T 3:1415188 ... oov 3°1416321 
10213 56e pr es 3°1415729 ..... 2e... 3:14116025 
CONG: Lea P ae ore 31415877 .......... 3:1415951 
4090-4 E SES 3:1415914 .......... 3°1415933 
9192. acudui ase ws 371415923 .......... 3:1415928 
16284 ....... ed vee 9 1419999. od Ver one eins 3°1415927 


32(098- vost Xx Sears 31415020 wi oie wo 3°1415926 


Now, the area of the circle itself always lies between those of the 
inscribed and circumscribed polygon; and the polygons of 32768 
sides, inscribed and circumscribed, do not differ, (slight errors of 
approximation excepted, which may affect the last place), by the ten- 
millionth part of a square unit. We may say, then, that the area of 
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the circle is approximately 3:14159 T, or — 222 LT very nearly; ; that is, 


z = 314159 very nearly.] " 
(17.) Lemma. If the same magnitude be m units of one kind, 
and m’ units of another kind, or if mU = m'U', then m : m :: U’: U, 
and if U' = kU, then m =m k. 
(18.) Let there be two different angles, BOA, D'OA', and 
describe different circles AB, A'B'. Let the given quantities be 


the radius OA, and the arc AB; the radius OA’ and the arc A' EY. 
Required the ratio of the angles. 
(VI. 33.) Angle BOA : Angle B'DA':: BA: VA 
(14.) OA: OA' :: VA: BA’ 
Therefore, BA : B'A’, the ratio of the arcs, is thatecompounded of 
the ratios of the angles and the radii. Let U be the linear unit, 
e the angular unit; and let | 
BAz=sU, P'A-—sSU, OA-—rU, OA'crU, 
Ange BOA = 60, Angle BOA’ = Po 


Then ro: TÓÜ::S:58 
E rg 
P 08 ysg 


(19.) We have already seen that there has happened a case 
(Algebra, p. 226.) in-which one system of suppositions is most con- 
venient in analysis, while another is so in practice; namely, in the 
choice of a base for logarithms, where 2:7182818 ...... is the base 
of analysis, and 10 that used in applying logarithms to computations. 
Just so, in the present instance, there is an angular unit which it is 
convenient to adopt in investigations, while another unit is universally 
supposed in practical applications. And the neglect of distinction 
between these two units is the sturabling-block of the beginner, 
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though the necessity for the distinction is too great to allow us fora 
moment to think of abandoning one or the other unit. 

(20.) 1. The analytical or theoretical unit (there is no distinct 
term for it in general use) is the angle which has an arc equal to the 
radius. If, in a solid circular plate, we stretch a thread equal to the 
radius from point to point of the edge, the thread is then the side of 
a regular hexagon (IV. 15.) and subtends two-thirds ofa right angle. 
If, then, we bend the thread over the edge, it will (no stretching 
being supposed) subtend at the centre somewhat less than two-thirds 
of aright angle, which is the first rough notion of the analytical unit. 

(21.) In the process of (18.), let s =r, and let © be the ana- 
lytical unit; then 0 © is also the same, or 0 = 1, and we have 


or to determine the number of analytical units in any angle, divide 
the number of linear units in the arc by that in the radius. 

Hence we can easily ascertain how many analytical units there 
are in one, two, &c. right angles. The radius being rU, the whole 
circumference is 2¢rU, and its fourth (or the arc of a right angle) 
T 


E 


rU, the number of units in which is z r. This divided by the 


"M : T 
number of units in the radius, or r, gives a 


The right angle in analytical units is —, approximately, 1:5707963 


Two right angles ............ aie WW Seip ia hsaie es 3:1415926 


Three right angles 


Four right angles 


(22.) 2. The practical method of measuring an angle is well 
known to be as follows. Let the 90th part of a right angle be called 
a degree; the sirtieth part of a degree, a minute; the sirtieth part of 
a minute, a-second. Let these be denoted by 1°, 1’, 1", which are 
not symbols of number, but of magnitude. They are angles. We 
shall always denote the theoretical unit by ©. 


1° = 60.1’ = 3600.1" 
A right angle = 90.1? = 5400.1’ = 324000.1” = 1:5707963 o nearly. 


C 
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Hencé 1° = *01745329 © nearly © = 2006264-8.1" nearly 
I’ =-000290888 © .... © = 3437 747.l .... 
=. 1" = :0000048481 o .... © = 57:29578.1° .... 
(23.) It is usual to divide the circumference of a ‘circle into 


360 equal parts, and to call each part a degree; the sixtieth part of 
a degree a minute, &c. To avoid confusion, I shall call these dinear 


degrees, minutes, &c. Thus, every circle has its own linear degree ; 
and the greater the circle, the greater the linear degree. On a circle 
of the earth, the linear degree is 69 miles and a half (a little less) 
in length. The student will remember that a /inear degree and a 
degree are two things as different as a line and an angle. 

(24.) It is very common among writers on this subject to con- 


found ~ and 180° or 180.1°, 2 and 90° or 90.19. Thus we see 


sometimes such equations as 


ao = 180? = 909 


7T 
2 
which are equations of as little title to existence as 


1760 = 1 or 20 = 4 
instead of 1760 yards = ] mile, or 20 shillings = 4 crowns. 


The angle, which in theoretical units is v, in degrees is 180. But 
it does not, therefore, follow that m = 180, any more than that 
12 = 4, because that length which in feet is 12, in yards is 4. 

(25.) We now proceed to a more general use of the word 
measure, which frequently occurs in practice. One quantity is said 
to measure another, even when tlie two are of different kinds, if any 
change whatever made in the one is accompanied by a proportional 
change in the other, so that if A ofthe one give D ofthe second, 
mA of the one always gives mB of the second, whether m be 
whole or fractional, or the representative of an incommensurable 
numerical symbol. 

Thus, angles are measured by arcs of given circles; for on the 
same circle any alteration of either arc or subtended angle produces 
a proportionate alteration in the other. Between given parallels, 
the arcas of rectangles are measured by their bases. But a square 
is not measured by its side; for if the side be doubled, for instance, 
the square is not doubled, but quadrupled. 
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(26.) One magnitude or ratio is determined by another, when, 
the first being given, the second is given; or at least when, the first 
being given, the second cannot be any thing we please, but must have 
one or other of a certain finite number of values. Thus, one angle of 
a triangle being given (VI. 6.), the ratio of the containing sides de- 
termines the other two angles, or rather, determines one of them ; for, 
one angle being given, the sum of the other two is given : the ratio 
of the containing sides, with the relation just mentioned, determines 
both the remaining angles. 

(27.) If one angle be given (VI. 7.), the ratio of two sides, 
which do not contain that angle, absolutely determines the other 
angles, if the given angle be a right angle or more; but if the given 
angle be less than a right angle, the ratio of the two sides (which do 
not contain it) determines only two values of each angle, one of which 
it must be. We shall afterwards have to return to this point. 

(28.) An angle, in Euclid, is only one of the angles or openings 
made by two straight lines, namely, that opening which is less than 
the opening made by a line and its continuation, or less than two 
right angles. But any two lines which terminate in their point of 
meeting, make two angles, one less and oue greater than two right 
angles, the sum of both being four right angles. 


x 


Me Sere ty) Sone nawpa 4A 


` 


pes ace inimi pien annae C H 


p^ 


(29.) The foundations of trigonometrical notation are as follows : 
Let a straight line O B, setting out from the position O A, revolve 
round the point O. Let A A" and A’A” be at right angles, and let 
lines measured from O towards A, or from O towards A’, be positive; 
while lines measured from O towards A”, or from O towards A"", are 
negative. Let positive angles be described when the revolution makes 
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OB proceed from OA to OA’, and let negative angles be described 
when the revolution makes OB proceed from OA to OA". And let 
rauos be positive when both their terms have the same sign, and ne- 
gativé when both their terms have different signs. - 

Let the Euclidéan angle AO B be 00, where O is the analytical 
unit, so that 0 is the algebraical symbol for the angle expressed in 
analytical units; then the whole revolution, or 4 right angles, being 
27 0, the angle of two revolutions, or eight right angles, being 479, 
and so on, the line OB is said to make, with O A, an angle 


60, or (274+ 46)0, or (474+ 86)0, &c. 


according as we consider OB to be in its first, second, third, &c. 
revolution. Or the method by which we take into account the ne- 
cessity of considering the following proposition, ** If a straight line 
revolve round a point continually, it will, in every succeeding revo- 
lution, pass again through all the positions which it had in the first," 
is by making the following assertion: The angles 0, 2: +0, 47 +9, 
&c., and, generally, 27 + 0, n being a whole number, are the angles 
made by O B and OA in the first, second, third; &c., and, generally, 
in the (n + 1)th revolution. The angles which it will be necessary to 
consider as denoting distinct positions, are those which. are less than 
four right angles or 270, if we only consider positive angles; or 
those which are less than two right angles in magnitude, if we con. 
sider positive and negative angles; that is, which lie between + 70 
and — rO. We shall, for the present, confine ourselves to these 
angles. 

(30.) We now proceed to define what we shall call the primary 
trigonometrical functions of an angle, the names of which are the 
sine, cosine, tangent, cotangent, secant, cosecant, versed sine, and co- 
versed sine of the angle. And, firstly, whereas in old books on trigo- 
nometry these functions are lines, in every modern system they are, 
or should be, defined to be mumbers, or, in the widest sense, 
ratios. Secondly, the term sine is probably from an Arabic word, 
but the meaning is not well known; tangent and sccant are of obvious 
Latin derivation ; but the definition we shall give has nothing to do 
with their etymology. 

Consider cosine as the abbreviation of “ sine of the complement." 


sucess “COLANBENL: caress d eei en ... “ tangent of the complement." 
ee... COSECANE 1... esses ss. “ Secant of the complement." 


FUNDAMENTAL FORMULAE OF TRIGONOMETRY. 17 


where by the complement of an angle is meant the algebraical excess 
of a right angle over the angle in question. Thus, 0 © being an angle 
50—90 or (3—9) Ə is the complement, and 5—8 its algebraical 
representation. Ifthe angle be greater than a right angle, the com- 
plement is negative. Similarly, if A1° be the angle, A being a 
number or fraction, (90 — A) 1° is the complement. 


, 


A 


O L M A 


First, consider an angle AO B less than a right angle. From any 
point B draw a perpendicular B M ; then the ratio of BM to BO is 


x 
the sine of the angle AO B, which we may denote by zo meaning 


that if BM and BO be expressed in linear units, then the number 
of units in B M, divided by that in BO, gives the number which is 
called the sine of A O B. 

The cosine, or sine of the complement, is thus deduced: Let the 
triangles OLK and OM B be equal in all respects, namely, KL to 
OM, &c.; then AO B and AO K make up a right angle, or AOK is 


OM 


the complement of AOB. Its sine is, therefore, EDD or Op which 


is the cosine of AO B. 
BM 
MO 


The cotangent of AOB is, therefore, To or E 


By the tangent of AOB is meant —~ 


By the secant of AO B is meant 


BO 

OM 

kO BO 

OL? © BM 

BO—OM 

— BO 

KO—OL 
KO 


The cosecant of AO B is, therefore, 


By the versed sine of AOB is meant » or 1— cosine of AO B 


The coversed sine of AOB is, then, , Oor 1—sine of AOB 


c2 
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'(31.). When the angle-is between one and two right angles, as 
A OB, then let the same definitions be adopted, as follows (p. 15.): 


sine. cosine.. tangent. cotangent. secant. cosecant. 

B’ M’ OM’ B’ M’ OM’ B'O B'O 

BO OB ON b' M' OM BM 
which is pos. neg. neg. neg. _neg. pos. 


Remember that OB and OB’, &c. have no sign. Lines only are 
considered as having signs + and —, which must be in one of two 
opposite directions. | 

When the angle is between two and three right angles, as A O B" 
(positively measured), then we have for the 


sine. cosine. tangent. cotangent. secant. cosecant. 
B" M" OM” B” M” O M" B”O B"O 
B"O Op  OM' HM" OM" BM 
neg. neg. pos. pos. neg. neg. 
When the angle is between three and four right angles, as AO B" 
(positively measured), then we have for the ' 


sine. cosine. tangent. cotangent. secant. cosecant. 
p^" M” O M” "cl B” M”. O M” B” O B” O 


pree Lo G 


B” O0 O B” O M” B” M” O M” B” M 
neg. pos. neg. : neg. pos. neg. 


The student should verify each of these assertions, which we shall 
proceed to systematise. 

(32.) When an angle is less than a right angle, say it is in the 
first right angle; when, between one and two right angles, say it is 
in the second right angle, &c. Now, remember the following table : 


sine’ and cosecant + + — — 
cosine and secant + — — + 
tangent and cotangent + — + — 


which will be found, on examination, to contain the results of the 
preceding articles thus. I wish to know whether the sine, in the 
third right angle, be positive or negative ; repeat 

sine and cosecant, plus, plus, minus, minus, 


the third of which is negative, the answer required. Examine the 
preceding results, and see that this table contains them all. 

(33.) Now, from the definitions, make it appear that the second 
column of assertions below is a translation of tlie first. 
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The side of a mght angled No sine or cosine can exceed 
triangle cannot exceed the hy- unity. l 
pothenuse. 

The hypothenuse of a right No secant or cosecant can 
angled triangle cannot be less be less than unity. 
than a side. l 

Two lines, of any ratio what- A tangent or cotangent may 
soever, may be the sides of a have any value whatsoever. 


right angled triangle. 


All this is relative to numerical magnitudes, independently of 
sign. 

Corollary. Versed sines and coversed sines are always positive, 
and never exceed 2. 

(34.) Now make the following abbreviations. 


Let 09 or A.1° be the angle. 
Let sine of 0 O be written sin 0 and read sine 0 
COSINE — ura er» cos@ ...... cosine 0 
tangent ............ tanO i. tangent 0 
cotangent ............ COLO sesen cotangent 0 
SecaDt- d V Een seco ...... secant 0 
cosecant ............ cosecO ...... cosecant 0 


versed sine ......... e. vers ...... versed sine 0 
coversed sine ............ COversÜ ...... cocersed sine 0 


Similarly, let sine of 4.1? be written sin A, &c. Observe, that 
if 00 and A.1° be the same angle; expressed in the two different 
units, then sin 0 = sin A, cos0 = cos A, &c.; for it is obvious, that 
the angle itself has the same sine, &c. in whatever units it may ‘be 
expressed. . 

(35.) Fundamental properties implied in the definitions. 


lA 
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Let U be the linear unit, and let OM and OM’ contain x linear 
units, the latter being marked — z, on account of the contrary direc- 
tion of OM’. And, first, let AO B (in first right angle) = 60; 


Then sind x coscó — x -—] 
" y 

cosð x scó—-tx--l 
: r I 
y T 

tan x coté==x -= 1] 
T y 

Let AO B' (in second right angle) = / 0; then, in the : same way, 
A r 
sin @ X cosecó = Z. Em! cosð X sec ô = — = ] &c. 


so that these formule are universal, and we have the following con- 
sequences of definition. 


The sine and cosecant are reciprocals. 
The cosine and secant are reciprocals. 
The tangent and cotangent are reciprocals. 


We have also 


‘xr ~ coso 


x I—r cos 0 
cot) = - = ———— = —— 
y y-—r sin 8 


(36.) Consequences of Euclid I. 47. We have the equations (4.) 
PHYS, at (—yyort*, (—2y yt, (rf yI 


The first of which (and the rest may be treated in the same way) 
may be written in three different forms, namely, 


G =) + (zy = l. or cos? + sin? = 1 
wid (2) = (5) or | l + tan * à = sec?0 


1+ C) 


pA 
(=) or l + cot? à = cosec?é 


: — py 26 
H : in?) = cee — (y . I) PES tan 
ence sin? ry? i+(y—s) 1- tün?6 
x 1 1 


2725 = uu = dal i 
a = x+y? 1c (y--2z) 1 4- tan?0 
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. tan £ 1 i 
or sın Ü = MH COS 6 =m V e — - 
A/1 + tan?£ M/1 + tan?é 
: 1 cot 2 
Deduce also sind = ——————— fonde ——————— 
/1 + cot?£ | V/ 1 + cot ?? 


To these we may add the equations of definition. e E. 
vers à = l — cos 6, covers ð = l — sin, 


(37.) The student should now, as an exercise, express each of 
the primary functions in terms of every other, as in the following 
-table, where the meaning of ¢ in each column stands at the head, 
and the value of the expressions in each horizontal line at the 


beginning. 
| sin s cos 8  tan£ cot é sec 4 cosec 6 
ME t /I|—£&8 2 Jj — = 
woso= VILE t res ar - Er 
| us Ex i z Vet vV d 
TE S 3 C veg YF 
anc ( [vIe n JEn 


Thus, if we would know from the preceding the value of the cosecant 
in terms of the secant only, we find — ^ « - 


OE ^ 


_ sec 0 


cosec Ü SS eÓÀ 
A/ sec? 0— 1 


(38.) The next question is to determine what we may call the 
transition values of the primary functions, namely, those which they : 
should have when the angle is nothing, or one, two, or three right 
angles exactly. For, in these cases, a look at the figure of (28.) 
will shew that the right angled triangle, which is the basis of.the 
definitions, disappears altogether, so.that, by any definition yet 
existing, there-are no sines, cosines, &c. But, agreeably to the 


1 
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conventions of algebra, we shall use the following extensions as 
abbreviations (Algebra, p. 156.) 

If, when z approaches without limit to a, X diminish without 
limit, let it be said that when z= a, X—0: if, in such case; X 
approach without limit to A, let it be said that when x =a, X=A: 
and if X increase without limit, let it be said that when r=a 
X == &, or is infinite. 

(39.) According to these definitions, and observing what species 
of variation of magnitude each ofthe functions undergoes, we have 
the following table: 


| , = 
. hE ln fp | 
O 1rightangle,  2rightangles, 3 right angles, 


r 3x 
or 5 or 90.19 or rO or 180.1? or--9 or 270.1? 


sine 0 1 O —1 
cosine 1 O —1 O 
tangent 0 x O o£ 
cotangent £ 0 x O 
secant l 1 ZL —1 oc 
cosecant a 1 £ — 1 
versed sine 0 1 2 1 
coversed sine | 1 O 1 2 


^. 


The first three lines are the most important. The student may 
shew that as the angle approaches either of the four intermediate 
values, its sine, &c. approach the value in the table. 

(40.) But the following method will be more clear. We shall 
determine linear measures of the sine, cosine, &c. in the same manner 
as the arc ofa circle is the measure of an angle. Let there be any 
linear unit U, and with centre O, and radius OA =U describe a 
circle, and let the angle DAB, or 00, be that in question. The rest 
BM 
BO 
when B M and BO are expressed in units (let them be rU and U) 
we have sin@ = rz, or sin0.U = BM. Consequently, B M and the 
sine of 0 change in the same proportions ; and BM may stand for 


of the figure will need no description. Now, because sin 0 = 


the sine of 0 (as it might represent a sum of money, an area, or any 
other magnitude) being a linear measure of it, at the rate, to use a 
common phrase, of AO to a unit. Or let OA be one measure, then 


Pd 
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the fraction of a measure in BM is the sine of the angle AOB, and 
the fraction of a measure contained in the arc AB, is the fraction of 
an analytical unit contained in the angle AOB. In precisely a 
similar manner, OM is a linear measure of the cosine. But when 
we come to consider the tangent, we see that B M is not a measure 
of it: for, if the angle increase, the change of the tangent is the 


combined effect upon the ratio of a simultaneous increase of BM, 
and decrease of MO. But both are represented in the increase of 
the line AT; for, by similar triangles, BM : MO :: AT : AO, of 
which A O remains the same, and AT changes in the same ratio as 
the tangent. Hence, AT is a linear measure of the tangent of AOB. 
Similarly, since OM : MB :: A'V : A'O, or AO, A'V is a linear 
measure of the cotangent; and, since BO : O M :: TO : OA, 
then TO is a linear measure of the secant. Similarly, OB: BM :: 

VO: OA’, or VO isa linear measure of the cosecant. Again A M, 
the linear measure of 1 — cos 0 and A'L, that of 1 — sin 0, are those 
of vers@ and covers 0. Consequently, understanding by the linear 
unit U the radius OA, and also that the question ‘ How many 
times ?" also implies ** What fraction of a time?" and ** What times 
and fraction. ofa time?" we have the following list of synonymous 
questions, in which the blanks may be filled up out of the same 
horizontal line. 


What is the( )of How many linear units 
the angle AO B? are contained in( )? 
SING’ ues Sees mm BM 
COSINE” sprud PRU E SERE OM 


tansent- voxaocke v V YweRs AT 
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What is the(  ) of How many linear units 
the angle AOB? -are contained in( — )? 
cotangent ................ A'V 
Secant. 2.6 vcr es "OT. 
cosecant  ..............4. OV 
versed sine .............. AM 
 coversed sine TEES E 
. number of analytical units ................ thearc AB. 


The student may now readily construct the table in (39.) by 
observing the final states of the linear measures. Thus, as the angle 
diminishes without limit, the line A’V increases without limit, or 
(38.) the cotangent of 0 is infinite ; and so on. 

(41.) (Now, according to the old system of trigonometry, not 
yet exploded for the beginner, though every person must practically 
get rid of it before he can advance far in analysis, the line B M is the 
sine, and not of the angle, but of the arc AB. In this system, there 
is an infinite number of sines to thé same angle, corresponding to 
all the arcs which that angle can subtend; and, consequently, it is 
always with reference to the radius supposed that all formule must 
be constructed. For example, it is not true that 


sin?ð + cos?ó =] unless when the radius is 1 


but sin?@ + cos?0 = 7? where r is the number of linear units in the 
radius. ¿This embarrassing consideration is always avoided in practice 
by making the: radius'the linear unit, and then substituting for the 
lines called sines, &c. their numerical proportions to the radius: 
which amounts in fact to the more modern method). 

(42.) We are now to consider, in connection with 0, the angles 
which exceed or fall short of any whole number of right angles by 0, 
or which are contained in the following series. 


3” a T 
ae 0— (euer ð a+ 5 0 d 7 &e. 
Jm i T T 


T 
all contained in the form En c 6, where m is a whole number. 


But, in the first place, we must observe that any addition or 
subtraction of four right angles, or multiples of four right angles, 
produces no change in the position of OB (29.) being, in fact, 
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equivalent to supposing complete revolutions, one or more, to have 
taken place, leaving OB the same in position as before. The sines, 
cosines, &c. depending entirely upon the position of O B, and in no 
way upon the number of revolutions supposed in attaining that posi- 
tion, we must have (2 + being the numerical symbol of four right angles) 


sin à = sin(2 + 6) = sin(dc + 6) = sin (67 + 6) &c. 
= sin(6 — 27) = sin (8 — 47) = sin (8 — 6 7) &e. 


and generally, F representing the operation by which we pass from 
an angle to any primary function (Algebra, p. 203.) we must have 


F(o) = F(é -2m«) 


where m is any whole number, positive or negative. 
Hence, we may reduce the list in the last page: for, we find 


that F(4— z) is the same as F (27 + §— =) or F (= + 0). 


2 
We shall limit ourselves first, to the consideration of the following, 
T 9T 
ie a = ae ma 
8 i 6 z+ ê 2 +9 25 0 


omitting 2 z + 4, because its primary functions are those of 4. And, 


first, let ^ be less than a right angle, so that m + 4 must fall in the 
(n 4- 1)th right angle, and m —4 in the mth. We have called 


x 
x the complement of 4; it is also usual to call z — 4 the sup- 


plement of /; being, when 4 is less than two right angles, the adjacent 
angle of Euclid. Now, draw the following figure, making 46 a small 
angle for convenience. 
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O is at the centre (not marked), let the angles AOB, AOC”, 
A'O B', A'OC, A"OB", A"OC', A"O B", A”OC” be all equal to 
each other, and to 4e. Let the triangles MOB, MOC”, NOC, 
NO B", NOB’, NOC”, M'OC', MOB” be all made equal to 
each other in every respect; namely, ON to MB, OM to NC, 
&c. &c. ; Then we have (all angles being measured positively) 


Z AOB = $0 Z AOB' = (40e 
LAOB'— («40e ZAOB" = (32 +0) 

2 AOC = (G-s)o L AÒC = (r— 4) 0 | 
L AOC’ = (37—0)o Z AOC" = (2«—0e 


From hence we can immediately find any primary function in terms 
of a primary function of 06, as follows. Suppose it required to find 


cot (s2— ) : we have immediately 


cot (AO C^ = oe a ea Onan Se gee 


or cot (37 — ) = tang 
(43.) Now, in this investigation, there are 42 cases, but they all 


fall under the following rules for expressing a function of noe 4 


by means of a function of 4. Let F (n + ) be required. 


1. If m be odd, change F into its co-function ; namely, sine into 
cosine, cosine into sine ;* tangent into cotangent, cotangent into 
tangent, &c.: ¿f m be even, let F remain. 

2. Look at the scale of signs (32.) of F, namely, 

for sine and cosecant ++— — 
cosine and secant +—— + 
tangent and cotangent + — + — 


and, observing in which right angle mot 0 falls, prefix the 


* According to our definitions (30.) the co-cosine means the cosine 
of the complement, or the sine. 
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sign which answers to the number of that right angle in the 
scale. 


For instance, for cot CDI the number of right angles is 


odd, or we write tan for cot: and 37 — 6 is in the third right angle; 


| Ta anai 

(«t5 3 ) the proper sign is + 
74 

cot (37 — v) = tané 


Let the student go through the cases from the figure, and satisfy 
himself that they agree with this rule. 
(44.) The following are some results. The first set is in the 
definitions. 
. (T .(* ; : 
sin(5 — 0) = cos ô sin(= + ) = cos 8 sin(« — 0) =siné 


cos(= — 0) = sin 6 cos(7 +6) = — sing | cos(z — 0) = — cosó 


tan(5 -4) = cot é tan(* +0) = — cotó tan(« — 0) = — tan ô 


sin(7 + 0) = — sinô sin(77 — ) = — cosó sin(= + ) = — cosó 
cos (7 + 0) = — cos cos (== — e) = — sing cos( = + ) = sind 
tan(74-0)-—  tané tan (32 — 0) = cotd tan( $= + ) = — cotd 
sin(2cz — ô) = —sind = sin(— 60) = —sind 
cos(2 7 — 0) = . cosó cos(— 0) = cosð 
tan (2 7 — à) = — tan ô tan( — ô) = — tané 


The last set is deduced from that immediately preceding, by sub- 
tracting four right angles (42.). They may be deduced immediately, 
by observing that MOC” = — 4e (29.). 


To obtain versed and coversed sines, remember that 


vers§ = ] — cos, covers ó = | — sinó 
T . 3 
Thus, covers (37 — o) = l — sin(= — ) = ].cos6 


(45.) ‘When 48 is greater than a right angle, the results are the 


Y 
a 
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same as if it were less than a right angle. An easier demonstration 
will afterwards apply ; in the meantime, suppose 4 == x + 4’, and we 


want, for instance, cot (3 s — ) . We have then, 


‘ 


37—4 = =o" cot( = — 9) = cot(Z —0') = tan ó' 


But tan ó' = tan(« + 0^) = tanĝ; 


therefore, co(37 — ) = tan Ó 


the same as before. Let the student work a number of instances 
of this kind. 


By means of the last set of the preceding formule, we can easily 
ascertain F (s—m2). Suppose tan(¢— =) is required ; then we 
have | i 

tan (9 — 7) = — tan(r — 0) = —(—tanó) = tanó 
. . (46.) We shall now proceed to some theorems connected with 


the limits of the ratios of trigonometrical functions, (Alg. p. 162.). 


B 


D 


The ratio of an angle (in analytical units) to its sine, approximates 
without limit to unity, when the angle is diminished without limit. 
Let AOB, AOD, be equal angles; then BM = MD, arcAB = 


arc A D ; and, AO B being 76; or, <a being 4, we have 
AB . BM , 
ô: sing :: AO ° AQ ss AB ° BM 


2AB: 2BM :: arc BD : chord BD 


Let the chord BD be the side of an inscribed polygon of n sides; 
then the greater n is taken, the less does the whole boundary of the 
polygon (which is n x chord BD in length) differ from the circum- 
ference of the circle (which is n x ate BD). Let n xar BD = 
n X chord BD +Z; then can the length Z be made as small as we 
please, by taking n sufficiently great. 


in é 
But chord BD = 2 


arc B D, and substitution gives 
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sing 
nx arcBD—nx c o x arc B D = Z5 


or (1— 294) x n x ac BD — 
that is, (1 — A x circumference = Z 


But as n increases without limit, the angle BO D, and, therefore, 
BO M, diminishes without limit ; and since, in sucb a case, Z also 


- ] rei : sing ,. .. . 
diminishes without limit, the fraction Dee diminishes without 


Ó 
ap- 


limit, the circumference being always the same. Hence, 


proaches without limit to unity. Let the student try to demonstrate 
this in the manner of (4.), supposing 4 and sin? to be incommen- 
surable. 

The angle of 5 degrees, which is not for any practical purpose a 
small angle, and which, in analytical units, is 0872665, has, for its 
sine, *0871557 ; which gives, 

sin(-0872665) _ -0871557 _ 872 


Ru UU mee ly. 
0872665  . :0872665 873 “ED near) 


or, when AOB is the eighteenth part ofa right angle, if the arc BA 
were divided into 800 equal parts, BM would be more than 799 of 
these parts. 

(47.) As the angle diminishes without limit, the cosine approaches 
without limit to unity ; and 1 — cos 4 diminishes without limit, as also 
does sing. It will be necessary to examine the ratio of 1 — cos? to 
sins under this change. 


1— cos (1 — cos 4) (1 + cos 4) sin?4 sins 


sind sing (1 + cos4) = sin é(1 + cosh) zu + cose 
of which the numerator diminishes without limit, while the deno- 


minator increases with the limit 1+ 1 or 2, The fraction, therefore, 


— CO 


ju ue : ee 1 sÓ .. .. : — 
diminishes without limit, or Ere E diminishes without limit. 


When 4 is 5 degrees, its sine and cosine are :0871557 and 
°9961947 very nearly. Whence, 


1—cosé _ :0038053 4 
sin ^ :0871557 L 87 


or, for this angle, 1 — cos? is less than the twentieth part of siné. 
2D 
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If we take 5 minutes instead of 5 degrees (5 minutes in ana- 
lytical units being *0014544, its sine the same to seven places of 
decima's, and its cosine 9999989), we find, that if 4 were divided 
into 14000 equal parts, the sine would not be less by so much as one 
of those parts, and that 1 — cos 4 is not the 1300th part of siné. 


tan 2 1 
49.) Acain, since ——— = ——., the limit is unity when ^ di- 
(30) Agim, sin é cos 2! y 
"e f — : . tan tané sing ee 
minishes without limit; and since z roe ae the limit of 
. sin 


this, in the same circumstance, is 1 x 1, or 1. And, because 


.1— cos? u 1—cosé | sin £ 
6 sin é 6 
1-—cosó .. .. R is : 
therefore also ERE EE diminishes without limit at the same time 


as l. 

(49.) We shall now propose, as a problem, the solution of the 
equation | 
sing = siny 
or rather, to find certain solutions; for we have no means as yet of 
ascertaining that any given number of solutions is the total number. 
Looking among the results of (44.), we find the following solutions, 
premising, first, that z = y is one solution: an angle has but one 

sine. 
a= yt2e c= yt4e xc=yt6r, &. 
y-—-c—y x = (r—y)&?2r = ð3r—y or —7—Jy 
x = (r—y) + 4r = 5r—y or —2r—y, &c. 


7 . T 
We now propose tanm r —cotn y. Since cotz y = tan (z — ny ) 
T. 1/7 
we have, firstly, m x = 259 ny, or r= HE —ny) . We have, also, 
n 


x nm 9 ——À s : 
mt = 5—nytewa mı => nyt 4r, &c. 


And since tanz = tan (r+ r), the following are also solutions : 
T T 
ma = ,.—mnym or z` ny 9m, &e. 


(50.) The following propositions will be readily proved, espe- 
cially from the figure in (40.). In the same right angle there are no 
two sines, or cosines, or tangents, &c., which are’ equal to each other. 
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And of angles which do not exceed four right angles, there are two 
to every sine (or cosecart), and x being one, + — r.is the other; 
two to every cosine (or secant), and x being one, 2 — x is the other ; 
two to every tangent (or cotangent), and x being the lesser, z +.r is 
the greater. : 

Now, x being less than two right angles, so is r— zr; but s + 
and 2 4 —.r are greater than two right angles.. Consequently, where 
there is question of the angles of a triangle, the cosine of an angle 
(or secant), or the tangent (or cotangent), being given, the angle is 
absolutely determined ; for there.is but one angle which is contained 
within the limits of the angles of a triangle (Band «), to which such 
cosine, &c. can belong. But, when the sine of an angle is given, or 
found, as that by which the angle of a triangle is to be determined, 
there may be two angles within the limits of the problem; for if x 
be one answer, z — x is another. 


lg 
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CHAPTER II. 


* 


FORMULA CONNECTED WITH TWO OR MORE ANGLES. 


(51.) Tue doctrine of ratios, as in Euclid, presents the notions which 
answer to multiplication, division, raising of powers, extraction of 
roots ; every fundamental operation, in fact, except only addition and 
subtraction. The truth is, that it considers two ratios just as two 
lines are treated in the first book ; that is, as subject to the relations 
of greater, equal, and less, but without any classification or comparison 
of the various modes of greater and less. From the definitions, it 
appears that the ratio of X + Y to Z is more than the ratio of X to Z ; 
and here the Fifth Book stops. But ratio is a magnitude; we apply 
the words greater, &c. to two ratios. It is true that the definition of 


ratio looks more like that ofa criterion than ofa magnitude; but, 


as we have seen, the word angle is in the same predicament: 
the definition of opening, or inclination, is only a rough primary 
conception, while the useful definition of an angle is the criterion 
which determines the greater or less, or the equality, of two angles. 
The rough conception of ratio is relative magnitude ; that notion, by 
which a spectator who knew nothing about numbers, would decide 
whether the picture of a known object was in or out of proportion ; 
that notion, by aid of which savages, who have as little idea of 
numbers as it is possible for a human being to have, comprehend a 
map as soon as it is shewn to them, and point out the various sites 
which they know, as soon as they know whereabouts in the map 
they are for the time, and the direction of north or south upon it. 
With this notion comes the following: That the relative magnitudes 
of X and Y to Z, make up the relative magnitude of X +Y to Z: 
whence, we subsequently come to the general definition of addition 
ofratios; namely, that to add the ratios of A to D and C to D, re- 
duce both to other ratios having the same consequent, say X to Z, 
and Y to Z; then the sum of the preceding ratios is that of X + Y 
to Z. 

We have introduced these considerations again, in order to point 
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out the difference between geometry and algebra, which the following 
question, being the fundamental proposition of the present chapter, 
will exemplify. Given the primary functions of two angles, of which 
the sum is less than a right angle, required the primary functions of 
their sum. The geometrical solution is as follows: 

The first angle being less than a right angle, take any straight 


P 


eee 


Ô Q M 


line O M, and erect MN, so that the ratio of NM to MO shall be 
the tangent of the first angle; then will NOM be the angle in 
question. Then draw N P perpendicular to ON of such length that 
the ratio of PN to NO shall be the given tangent of the second angle; 
whence PON is the second angle, and MOP is the sum of the 
angles. Draw PQ perpendicular to O M, then is the ratio of PQ to 
PO the sine of the sum required, &c. This geometrical construction 
is a complete solution within the meaning of the terms geometrical 
solution, with regard to which it is matter of definition that lengths 
are determined, found, or given, when the extreme points are given. 
But it is not an algebraical solution, of which it is a condition that 
no magnitude is given, determined, or found, unless its ratio to 
some given magnitude of the same kind be given, &c. The geome- 
trical solution is the more easy, because it assumes the harder point, 
and requires only determination of position ; the algebraical solution, 
which requires ratios, carries the geometrical solution further, and 
demands consequences with which the geometrical solution, by an 
express definition of exclusion, has nothing to do. And the student 
will do well to remember this when he comes to read controversy 
about the relative value of algebraical and geometrical solutions. 

The algebraical solution is as follows, without symbolic language. 
Draw NR parallel to OM. Then, since PQ is made up of PR 
and N M, the ratio PQ : PO is the sum of PR: PO and NM: PO. 
But PR : PO is compounded of PR : PN and PN : PO, or by 
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similar triangles, of O M': ON and PN : PO, and being com- 
pounded of given ratios, may be expressed by whatever symbol we 
adopt to signify composition. Similarly, NM : PO is compounded 
of NM : NO and NO: PO, two given ratios. Under the common 
, meaning ofterms in algebra, we may, if all the pairs be commen- 
surable, and if O P stand for the number of linear units in O P, 
&c. we proceed thus: let NOM = ^e, MOP = ¢¢6, then MOP = 
(9 + ^) e, and we have 


PQ PR NM _ PR, PN NM NO 
PO PO * PO — PN PO * NO PO 
MO PN , NM NO ; ; 
NO PO NO "PO = cos ĝ sing + sin cos o 
If the ratios be incommensurable, we must either, 1. Imagine 
commensurables very nearly equal to M O, &c. to be substituted, and 
the real meaning of the equation will then be (meaning by (a) a very 
"hear approximation to a), (cos 4) (sin ¢) + (sin 4) (cos ¢) is very near 
to sin (p 4-7); or, 2. adopt the more general ideas of ratio in the 
preliminary treatise, and interpret the symbols of operation accord- 
ingly. Leaving the student to take which course he can, we now 
proceed, having obtained in every sense of the terms 


sin( + 0) = 


sin ( + 0) = sin Q cos + cos sin Ó 


similarly ^ cos(9 +8) = cos? cosÓ — sin 9 sin ô as follows: 
_ OQ OM—NR OM ON NR NP 
sle +) = Op = Op = ON OP — NP NO 5^ 


Now, construct a figure in which ¢ e and 4 e are each less than 
a right angle, but their sum greater ; shew that the process for the 
sine remains exactly the same, and that in that for the cosine of the 
sum, which is negative, OM — RN also becomes negative; whence 
we still have cos(¢-+ /) with its sign = (OM — RN) + OP, 
and the two formule are precisely as before. Shew also that by 
aid of 

cos? + sin?g = | cos?6 + sin? = 1 
the sum of the squares of the preceding developements is = 1. 

(52.) Since these formule are universally true, independently of 
all values of the angles, within a right angle (as far as we know yet) 
they will remain true if instead of ¢, we write $9 —4. Do this, which 
gives 
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sin 2 = sin(¢g — 0) cosó + cos(? — ô) * sin 8 
cos 2 = cos(9 — 0) cosó — sin (p — 0) sinô 
Multiply the first by cos4, and subtract the second multiplied by 
sin 4, remembering that cos?4 + sin*é = 1, which gives, transposing 
the sides, 
sin (£ — 6) = sin ? cos ô — cos ? sinô 
cos (2 — 0) = cos? cosé + sin? sinô 
Which proves that the two first formule are true when one of the 
angles is negative. In sin (+^ write —é for 4, and we have 
sin (2 = 0) = sin? cos( — 6) + cos ? sin( — 0) 
or (44.) = sin ? cos — cos? sin Ó, as just proved. 
Endeavour to deduce these propositions from an adaptation of the 


construction in (51.), and verify the value of the sum of the squares 
as before. 


_(53.) We now shew that these formule remain true whatever may be 
the magnitude of the angles. We shall take a case, and recommend 
the student to acquire dexterity in the management of the formule, 
by trying various others. Let us suppose our first angle to be in the 
third right angle, and our second in the fourth, so that the sum 
must be in the sixth at least, or in the seventh. Let « +4, and 


+9 be the analytical units in the angles, and 4 and $ must 
therefore be severally less: than a right angle. Then the sum is 
T +é6+ 9, or 2-7 4 : +¢+ 9, and, therefore, its sine is (42.) 

sin(5 22 + F) or cos(é-+ ¢) or cosó* cos p — sin@*sing .. (A) 


But sin (m + 6) =—sin@ or  sin0 = — sin (z 4- 0) 
cos(m + 0) = —cos0 .. cos@ = — cos (r 4-0) 


. [3r . (3r 
sin (= +9) =—cos¢ ie cosg = — sin( Z +9) 
37 . E 3 
COS (== + 6) = sing ..  sinó-— cos (=2 + p) 
and, by substitution in (A), we have 


sin(r+0+37 +o) = — cos(m +0) x —sin( + 9) — 


(= sin +0) X cos (> + $) 
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sin( 7 -0-F37 +o) = cos (s + 6) sin (ŠT + e) + sin (r -- 0) cos (+9) 


let 74-0 = 06, T $m and we have 


. Sin (0' + 9^) = cos 0' sin 9' + sin 0' cos ¢’, the same as before. 
We have then as general formule, true for all angles, positive and 
negative, 
sin($ 4-0) = sin cos0 --cosó sinO — sin($ — 0) = sing cos0— cosó sin 0 
cos(¢ + 0) = cosó cos0—sinó sind — cos($ —0) = cose cos@ + sin $ sin 0 
(54.) We can now, with very slight labour, acquire a large number 
of very useful formule so quickly, that previous description will be 


unnecessary. 
sin (¢ 4-0) + sin(9 —0) = . 2sin$cos0 
sin($ + 0) — sin($ — 0) = . 2cosósin8 
cos (p 4-0) + cos(p—0) = 2cos¢cosé 


cos (ġ + 0) — cos (p— 0) = — 2singsin# 
Since these are always true, we may for ¢ and 0 write 1(9 + 0) and 
4(¢6— 0). Do this, which gives 
| sing +sind = — 2sini($ + 8) cos } ($ — 0) 
sinó —sin@ = 2 cos 1 (9 + 0) sin } (9 — 0) 
cosó + cosð = 2cos}(¢ 4-0) cosi (9 — 0) 
cos ó — cos? = —2sin 3 (9 + 0) sin à (9 — 0) 
sin$—sin0 —  tanj($ — 0) sing + sin @ 
sing +sin0 ^ tan3}(¢ + 6) cos¢ + cos0 
(55.) Now, from 2 0 = 0 + 0, and from sin (0 + 0) &c. deduce 


tan 3 (9 + 0) 


sin20 = 2sin0 cos0 sind = 2sin $ cos? 
S 2 JP ,9 .'.9 
cos 28 = cos?0 — sin?0 cos@ = cos g^ 9^. 
: . ,0 
= 1—2sin?0 = 1—2sn7 
^ 0 
= 92cos?0 —1 = 2c05,—1 
l 0 


1 — cos20 = 2sin?0 1 —cos0 = 2 sin? 


» 
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tangi ees 1 — cos20 tan29. _ 1— cos0 
~ 1 +cos20 2^ 1-rcos0 

1 + cos20 wr 0 1-—sin0 

cot? = -————— tan? { - — 2] = ———— 
1 — cos? 0 s i 2 1 + sin@ 


sin($ +6) X sing.cos@ + cos ọ sin 8 


(99) a cos($ 4-0) ^ coso cos0 — sing sin 0 


divide both terms of the last fraction by cos$ .cos 0 
tano --tanO 


an(g 9) = 1 tangtang 
i. tan $ — tan 0 
similarly, : tan(? — 0) = cee 
9 tan@ Eo 2tan 40 
tan20 = l]— tan?ó tan 0 1—tan? 40 
__ sin(@+ 9) |. sin(0 — 9) 
tanü + tang = cosÓ cos $ (engin ies cos 0 .cos $ 


(57.) The formule in (54.) reduce multiplication to addition in a 
way which may remind us of logarithms, and we shall see more of the 
same sort of analogy before we have finished. "They give, 


sing cos@ = ł4sin( 4-0) + 1 sin(9 — 0) 
cosó sinô = }sin(¢ + 6) — 3 sin(¢— 0) 
cos¢cos@ = }cos(¢+ 0) + 3 cos(¢— 9) 
sing sinü = 1cos($—0) — } cos(o + 4) 
Let it be required to reduce the product cosmcosncosp ; 


cos; cosn cosp = icos(m + n) .cosp + à cos(m — n) cos p = 
1 cos (m + n +p) + łcos(m + n — p) + 3 cos(p +m—n) + 
1 cos(p + n — m), by applying the same formule twice. 

(58.) We may apply this method to ascertain the nth power of a 
sine or cosine in terms of the sines and cosines of the multiples of 
the angle, as follows; by (55.) 


cos?0 = 1 -ricos20 cos$0 = icos@ + icos2@cos@ 
= }cos@ + 1(1c0s30 + 1cos0) (20 + 0 = 390, 20 — 0 = 0) 
= łcosð + łcos30 or 4cos0 = 3cos@ + cos 30 
Multiply by 2cos@ (we thus avoid fractions) 

8cos*0 = 6cos?0 + 2cos 30cos 0 


= 3 + 3cos20 --cos 40 + cos20 = 3 + 4cos20 4- cos40 
E 
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Proceeding in this way we get the following set of equations : 


cos@ = cos@ 

2 cos?0 = cos20+1 

4 cos?@ = cos 30 -+3 cos0 

8 cos‘@ = cos40 -- 4 cos20 4- 3 

16 cos*0 = cos50 4- 5 cos30 -- 10 cos 0 

32 cos$0 = cos60 + 6 cos 40 + 15cos20 +10 

64 cos’6 = cos70+7 cos 50 + 21 cos30 + 35 cosO 
128 cos*6 = cos80 +8 cos60 + 28 cos40 + 56 cos20 + 35 


&c. &c. &c. &c. &c. 
Again, 2sin?0 = 1— cos20, 4sin*0 = 2sin0 — 2 cos20.sin0 
(54.) (2 cos20.sin 0 = sin30— sin0) = 2sin0 — sin 30 + sin8 
= 3sin0 — sin30 


8sin'0ü = 6sin?0—2sin30.sinQ 
= 3 ——3cos20—(cos20 — cos 4 0) = 3 — 4 cos2 0 + cos49 


Proceeding in this way, we get equations which may be thus most 
systematically arranged : 


sin@ = sin@ ° 
—2sin?@ = cos20 —1 
—4sin?0 = sin 30 -—3sinO 
8 3in*0 cos4 0 — 4cos20 +3 
16sin*0 = sin 50 — 5sin30 + 10 sin0 
— 32 sin$0 = cos60 — 6 cos 40 + 15 cos20 — 10 
— 64sin?0 sin 70 — 7 sin50 + 21 sin 30 — 35sinO 
128 sin'@ = cos80 — 8 cos 60 + 28 cos 40 — 56 cos20 + 35 
&c. &c. &c. &c. &c. 


Between these two sets there are strong resemblances and strong 
differences. It appears that the cosine 1$ a much more simple 
function, in its relations with other cosines, than is the sine in relation 
to other sines. The alternation of positive and negative signs, in 
pairs, here occurs for the first time. We shall now shew how to 
form the inverse expressions, namely, cosn0, &c. in terms of powers 
of cos 0, &c. 


(59.) By (55.) we have 
cos2 0 — cos?0 — sin?0 sin20 == 2sin@.cos@ 


Let the sine and cosine of 0 be denoted by s and c. 
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Then cos20 = c—s sin209 = 2cs 
cos 3 = cos(20 + 9) = cos20.c — sin20.s = (c! — s')e —2cs.s = c—3c5s* 
sin30 = sin(20 + 0) = sin20.c + cos20.s = 2cs.c + (c?—s*)s = 3cs— 8? 
cos40 = cos30.c — sin30.s = c*— 6 Ês? -+ st 
sin40 = sin30.c --cos30.s = 4c?s — 4c 3! 
and thus we get the following equations: 


cos =c sn@ = s 

cos28 = c?—s! sin20 — 2cs 

cos39 = c?—3cs! sin30 = 3c?s—s* 

cos40 = c'—6c?s?+s! sin40 = 4cs—4cs 
cos50 = c'— 1069s! 4- 5cs' sin50 = 5cts —10c?s*+ sj 


and so on; the law of which will be hereafter investigated. 
| (60.) It is easily proved that 
(cos0 + sin8)* = 1 + sin20 (cos0 — sin0)* = 1 — sin28 
cos = + l.1-sin20-- li /1—sin29 
sind = + 4./145sin20 +b J1— sin20 
in which the ambiguity of signs will be afterwards discussed. 


Also cos = A/1(1--cos20) sind = /4(1—cos2 0) 
(61.) Multiply together the fifth and sixth in (54.), and 
obtain 


sin(p + 2) sin(? = 0) = sin?? — sin? 


(62.) We shall now proceed to some cases, in which the sines, 
&c. may be exhibited numerically. But, first, by means of this 
theorem, namely, that (m?-+ n?) U, 2mnU, and (m?— n*)U, are the 
sides of a right angled triangle, U being any linear unit, we can at 
pleasure find the means of verifying the preceding formule in the 
most exact manner. 


. : 2mn m? — n? 2mn 
For, if sind = ——, then cosó = —,——4 tan? = 
m* +n m* +n 


m? — n? 


4 3 4 24 
Let m 22, n—1; then sind=-, cos f=, tan l = -, sin 2? 4 = — 
? n ) 5 5 3 8 25’ 
z T : 44 117 ' 
cos26 = i odd 7-135 cos 38 = Bs &c. In sucn a case as 
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this we do not know the angle in question; but we will shew that 
this rude method, though the labour would be very considerable, is, 
in theory, an unfailing means of finding the angle to a given sine or 
cosine, as nearly as we please. Suppose an angle to have a sine and 
cosine, both positive; that is, to be less than a right angle, or in the 
first right angle. By finding siné, sin24, &c., and cos4, cos24, &c., 
we are able to find tané, tan24, &c. Now, since the angle in question 
is less than a right angle, there will be multiples of it in every right 
angle (one at least) ; that is, no right angle can be left out, or there 
must be values of n4 lying between m and m + 1 right angles. Con- 
. sequently, since the tangent in the several right angles is alternately - 
positive and negative, we shall always be warned of the value of the 
multiple angles passing a whole number of right angles, by a change 
of sign. The first negative sign will indicate that the multiple has 
become greater than a right angle; the next change, namely, from 
negative to positive, that the multiple now exceeds two right angles ; 
and, generally, the mth change of sign shews that the multiple in which 
it appears lies between m and m +1 right angles. If, then, we wish 
to know the angle which belongs to the given tangent within, say one 
vth part of a right angle, we proceed step by step, and find within 
what right angles vé lies, by noting the number of changes of sign in 
the series tan£, tan24, tan34...... tanvé. Let it be between m and 
m -- 1 


m --1 right angles; then 4 lies between Z and of a right 


angle, or is known within one vth part of a right angle. 

The preceding process would be too long and laborious for prac- 
tical purposes ; but it shews us, theoretically, that ¿he determination 
of the angle which hus a given primary function, to any degree of near- 
ness, is within the means of common algebra. 

(63.) Coming now to the determination of some primary func- 
tions, we shall express the angles both in analytical and practical 
units. By (34.), all that we have proved of the primary functions of 
angles represented in the former way, is true of the latter; except 
only the theorems in (46, &c.), where the angle enters directly with 
its primary functions. For instance, though 10" is a very small 
angle, it is obviously neither proved in (64.), nor true, that 
sin10" = 10 nearly. If we now represent n degrees by n°, n mi- 
nutes by n’, &c., we have the following equations : 
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= 180°, 20 = 90°, 7o = 45°, z0 = = 30°, =o = 60°, 
po 3x 297 : 
19 = 15°, 197 135°, zo= 120°, &c. &c. 


1. zo or 45°. The sine and cosine are evidently equal. In 
(30.) if OM = MB = U, then OB = V2U, and 
T 1 L re 7T T 
cos — sin: — Q2  tni- ctl = l 


V2 4 
2. : © or 30°. A right-angled triangle, having an angle of 30°, 


is the balf of an equilateral triangle. "The side opposite to 30? is 
half the — ; hence 


. T "| — t, = T 
67359 os m ~ tan- = 
sinc ] =>5 /3 5 


3. 5 O or 60°, is the complement of 5° or 30°. Therefore, 
x li X 1 - T _ z l 

cos% = — Sinz-——.. tan- = : cot - = —— 
p. "QV mg 5v3 vc ua 


4. 13? or 15°, is the half of 2 O or 30*. Hence, by the for- 
mula in (60.) 


cos is either Wi +- Vit 


or the same, made negative ; but it must be positive, whence we have 


pe eee al t uA 
w= 2/2 similarly, 155 = 2/2 
1 1 
=i(v6+ /2) = +(v6— v2) 
5. 59 or 7°.30 is the half of i59 or 15°. And by (60.) 


cos = (1176-142). 1/ (1-ive+iy2) 
nz = 2/(1*1v6-iv2)- i (1- 16 iv2) 


In this way we may successively find the sine and cosine of 

3° 45', 1° 52' 30", 56' 15", 28' 7^5, 14' 3:75, 7' 1-875, 3' 307-9375, 

1' 4546875, 52'"-734375, the latter angle being :8789063 of a 
E 2 
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minute. But since the sines of small angles are nearly in the 
ratio of the angles themselves, and since the ratio of magnitudes 
are the same in whatever units they may be expressed, we have 
very nearly, 

As  :8789063 of.1' : 1' :: sine ofthe first : sine of 1' 


the fourth term of which can be found from the preceding three. 
This method of finding the sine of one minute supposes that we do 
not know how to express the angle of 1' in analytical units; if, how- 
ever, we assume the results of (22.), we see that the sine and angle 
of 1'are nearly equal, when the angle is expressed in terms of 0, 
and, therefore, that sine 1’ = :000290888, nearly. But nearly is a 
vague term; we must endeavour to find how nearly-the smee-etihe 
preceding are equal. If we look at the figure in (40.), and the 
postulate in (10.), we see that A T -- T B is greater than the arc A B, 


or that 
"AT-4-TB T AT--OT—OA r—— ana ArcA B 
OA OA x OA 
that is tan0 + seco — 1 is greater than 0 


adh X But secð is greater than 1; therefore, tan@ is greater than 0. 
Consequently, we find that @—sin@ is less than tan 9 — sin 0, or 


. 0,0 
than sin 0 (1 — cos 0) —— cos 0, or than 2sin@ sin’ 5 — cos; or 


2 sin 0 (sin d ) 
0 — sinÓ is less than 2 
cos 8 


If, then, we increase the numerator of the preceding, and diminish 
the denominator, we in both ways increase the fraction ; consequently, 


2 ' ; 2 
20 (5) | 2 sinO (sinZ) 
2 is greater than 2 


p p N 


cos?0 cos 0 


or 0 — sinO is less than 3 * diminish the denominator still 


e 
, 1— sin?0 
further by substituting 0 for sin0, and we have finally 
3 


0 —sinO is less than Sro 


Or ‘000290888 — sin*000290888 is less than a fraction very near to 
(00029)? | — 
bil-(oosy " 00000000001 very nearly. 


- 
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Hence, to ten places of decimals, the angle and sine of one minute 
are the same things: that is, we may assume sin1’ = ‘000290888. 


0X2 
Now, cosü —1— sini? = 1—2(5) very nearly, or 1 — à @. 


We have, therefore, cos 1’ = 1 — 4 (0002909)* very nearly = 
9099999958 very nearly. Knowing thus the sine and cosine of one 
minute, we might calculate those of 2’, 3’.... 1°, 19 1', ..... up to 
89° 59’, 90°, and by dividing sines by cosines, we might find the 
tangents. After which, by taking reciprocals, we might find the 
cotangents, &c. To put this method in practice would increase all 
necessary difficulties some hundreds of times ; but here, as in (62.), 
we are not pointing out how a table of sines, &c. should be formed, 
but merely shewing how it may be done, that the student may not go 
to the tables, as to results of the possibility of arriving at which he has 
no comprehension whatever. We can, however, make him see that 
even the labour of this process may be materially lessened. 

1. No cosines need be calculated, nor cotangents, nor cosecants ; 
for in sin 1^ we have cosine 89° 59' ; in sin?’ we have cos89? 58’ &c. ; 
so that a complete table of sines for all minutes of the right angle 
is also a table of cosines. For a similar reason, a table of tangents 
is also one of cotangents, &c. 

2. Half of the secants and cosecants may be formed by simple 
addition, when the rest are known, by the formule 


“( 1 1 ) 1 T =) T 2) 
=æ ~ t m — ` — E — ae €— — aw = 
cosec 0 2 an, 8 + cot 27 sec 0 2 (tan € 2 + cot 2795 ) 


which we leave to the student to prove. 

(64.) Suppose, however, that our table is calculated for every minute 
of the right angle, it remains to see how the truth of the calculated 
results may be verified. It must be observed, that in all mathe- 
matical tables, the danger of an error of printing is greater than that 
of an error of calculation. An error of the former kind is one to 
which all places of figures are equally subject; one ofthe latter is 
only to be feared in the last figures. The method of verifying a 
doubtful figure is to calculate the function in question by means of 
any other functions, using one of the formule already obtained. 
Thus, if there be a doubt about sin 16°, as given in the tables, we may 
remember that it ought to be the same as 2sin8° cos8?, and we may, 
therefore, double the product of sin8? and cos8?, and compare it 
with what is given for sin16?. But, as multiplication and division 
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are tedious operations, compared with addition and subtraction, we ' 
should, for our present purpose, prefer such formule as contain only 
the latter pair of operations. And such formule have received the 
name of formule of verification, meaning, that they are peculiarly 
applicable for that purpose. We shall now deduce a few of the 
kind. Let A be an angle measured in degrees, &c. 


(54.) (63.) sin(30° + A) + sin(30°— A) = 2sin30°.cosA = cosA 
Again, the sine of T9 or 18°, may be thus expressed. If 
J0 = > we have 


" cos30 = sin20, or (59.) cos?@ — 3cos@.sin?@ = 2cos@.siné@ 


.divide by cos@, and substitute 1 — sin?@ for cos?0, 


| — 4sin?0 = 2sin0; or, taking the positive value of sin@ 
: D ae 
sin-- = v from which we find 
10 4 
T 1 _ 9gp VST 
cos = ] — 2 sin o A 


Hence we find (54.) | 
sin(189 + A) + sin(18? — A) -= d 


2 


cos (36° + A) + cos(36° — A) = ve I cos Å 


Subtract the first from the second, which gives 
cos (36? -]- A) + cos(36°—A) = cos A + sin(18°-+ A) + sin(18 — A) 


(65.) Before beginning to use the tables, the student should have 
a good notion of the changes which take place in the magnitudes of 
the several functions through the first right angle. And he should 
also take some method of readily remembering the changes of relative 
magnitude which take place through the four right angles. The best 
method of doing it is by remembering the general character of the 
forms of certain curves, which we shall presently proceed to explain, 
first premising a more simple illustration of the method. Suppose 
we wished to take a view of the prices of corn (the average per 
quarter) in different succeediug years. 


Londort, Taylor L Walton , Upper Sower Street. 
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Take two scales perpendicular to each other, as in the figure: let 
A B represent a year of time, AC a pound sterling of money. If we 


begin, say at the year 1790, let B be marked 1790, P 1791, Q 1792, 
&c. and at each point erect a perpendicular the length of which, AC 
being twenty shillings, shall represent the price of the quarter of corn 
for the year. We have thus a better idea of the magnitude of the 
changes than we could get by looking at a table of prices. 

Now, take a similar scale for angles and their primary functions. 
Let angles be measured on OA, at the rate of a right angle, or 90° 
to OA; let numbers be measured on the perpendiculars to OA at 
the rate of O B toa unit. The curves are so drawn that if any angle 
be laid down on OA (that is, if the proper line be measured from O, 
which is to OA as the angle in degrees, &c. is to 90°), then the six 
curves will cut off from the perpendicular six lines which repre- 
sent (if OB represent 1) the sine, cosine, &c. of the angle. It is 
now for the student to find out which is the curve of sines, which 
that of cosines, &c., to examine them attentively, until he perceives 
the truth of all the theorems in (32.) (39.) &c. and to remember the 
forms of the curves in such manner that the mere words sine, cosine, 
&c. shall call up the ideas of the variations of magnitude which are 
peculiar to the function in question. 

For instance, it is long before it is as familiar to a beginner as 
the word cosine, that the cosine of 0 is 1; the notion always being, 
that the cosine of nothing is nothing. A recollection of the manner 
in which the curve of cosines begins with the angle, would com- 
pletely remove the liability to this mistake. 

It would be one of the most improving exercises which the 
student could impose upon himself, to draw a considerable number of 
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such curves, provided he can obtain paper ruled * horizontally and 
vertically at small intervals. It will be quite sufficient to divide a 
right angle into six equal parts, or to take six intervals of length for 
the right angle. - Four intervals of perpendicular length should re- 
present the unit of the functions in question, by which means that 
same unit will very nearly represent the analytical unit O on the line 
on which angles are measured. Suppose, for instance, the paper is 
ruled at intervals of a tenth of an inch. Take three inches for a 
right angle, and two inches for a unit of sine, &c. Suppose the curve 
required to be that which cuts off sin20 —sin0 : then, taking two. 
places of decimals (which will here be sufficient) and remembering 
that 20 perpendicular subdivisions on the paper count as 1, or each 
subdivision as 05, divide the two places by 5, and the result is 
the number of subdivisions. Also, five subdivisions on the line OA’ 
represent 15 degrees, or each subdivision represents 3 degrees. The 
rest of the process is as follows: 


Angle A sinA sin2A sin2A—sinA Subdivisions Subdivisions 
' for the angle. forsin2 A — 


sin Á. 

0 *00 *00 00 0 0 
15? 26 '50 '24 5 004 
30? 50 '87 37 | 10° 72 
459 71 1:00 "29 15 5i 
60? -87 ‘87 “00 20 0 
" 75° +97 "50 —'47 25 — 92 
90°: 1°00 *00 — 1:00 30 — 20 
105?  :07  —-:50 —1:47 35 — 292 
1200  .87 —:87  —174 40 — 341 
135? 71 —1'00 .,.-—171 45 — 344 
150° 50  —-:87 — 1°37 50 — 272 
165?  -26 — +50 — ‘76 55 — 15} 
180? -00 ‘00 ‘00 60 —0 


* The common ruling machine used by stationers will rule paper 
very well to tentbs of inches, with each inch-line broader than the rest. 
Some years ago, I caused a quantity of paper to be so ruled, which is 
still on sale with the publisher of this work. In looking at ruled paper, 
the eye is too accurate a judge: when parallel lines are ruled close 
together, a very trifling defect is perfectly visible. 


r 
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The student should now lay down and continue this curve, and 
cthers of the same kind. l 

(66.) Let h be a small angle, of about the value of 1'. It has 
been shewn that for more than eight places of decimals, cosh = 1, 
sinh = h, and hence tanh = h. We have then, with quite sufficient 
exactness for the tables which it is necessary to use (which never 
exceed seven places of decimals). 


sin(@+h) = sin0 cosh +cos@ sink = sin0 + cos0.^ 
cos(0 + h) = cos0 cosh — sin0 sink = cos0 — sin0.A 


sink h very 


(56.) tan (0 +A) — tano = cos (0 + h) cos = cost nearly 


1 
or tan(0 + h) = tanð + g” 


We shall leave the fcllowing to the student. 


h) = — : 

cot (0 +h) cot 0 ing h 
sin 6 

h) = ——À 
sec(0 + ^) sec 0 doc an À 

cos 0 
cosec(0 +A) = cosec0 — sag: 
vers(0 +h) =  vers0 + sin0 .À 
covers(0 +) = covers — cos0 . h 


That is, F 0 representing any primary function of 0, we have 


for sin. tan. sec. or vers. F(9+h) = FO+MA 
for cos. cot. cosec. or covers. F(6 + h) = Fo—MA 


where M is not a function of 4, but of 0 only. (Remember that 
functions beginning with co. are all decreasing when the angle in- 
creases, in the first right angle). Let k’ = :000290888 the minute 
expressed in analytical units; and let A be any angle less than A’: 
then we bave 


F (6 -+ h’) — Fô = MA’ for functions which increase 
F(0 +h) —Fo = Mh 


whence F(0+A) = Fê + SFO +h’) — Fel 


with the angle 


But F(@+ 4’) — F0 is the increment of the function, when the angle 
receives an increment of one minute in value; it is, therefore, 
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immediately found from the tables, in which the values of F(0 +A’) 
and F0 are those which’ follow each other, if the tables be to every 
minute, as is usual. Let this increment be denoted by Dif. for 
difference, as in the tables, where the subtraction is made in a 
separate column. And let A contain s seconds and decimals of 


seconds. Then will i = 5 and we have (if A be the angle 0 0 in 


degrees and minutes. 
F(A+s) = FA+= x Dif. 


and in the same way, if F0 be a function which decreases when 0 ` 
increases, we have 


F0 +A) or F(A+s) = FA— z x Dif. 


where Dif. now stands for FA — F(A +1’) and is taken from the 
tables. 

The preceding is, in a more exact form, the representation of a 
notion which may be more easily given. If we ask what is that 
function of A which increases uniformly when AÀ.increases uniformly 
(the more easy phrase is, which grows at the same rate as long as 
h grows at the same rate) the answer is, that the function can only be 
P + MA where P and M are i i ofh. In this function, if 
for A we write successively 


h, ht, h+2t, h+3t, &e. 
the values of the function are 
(P+ MA), (P+ Mh) - Mt, (P+ MA) -2Mt, &c. 


and, similarly, the function P — MA is of the only form which de- 
creases uniformly when A increases uniformly. If, then, there be a 
function of h which does not increase uniformly when A undergoes 
considerable changes of value, but which increases very nearly uni- 
formly when A is small, and undergoes small changes; that is, is very 
nearly equal to some form of P+ Mh; the consequence is, that we 
may for very small values of h, and very small changes, treat the 
function as if it were one which increased uniformly. 

To illustrate this, I take out of the table the cosine and sine of 
6°, 6° 1’, 6° 2', and 6? 3’, as follows : 
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Angle Sine 

6° 0’ °1045285 
6° 1° "1048178 
6° 2’. *1051070 
6? 3' °1053963 


Dif. 
0002893 


*0002892 


'0002893 


Ccsine 
°9945219 


"9944914 
°9944609 


"9944303 


Dif. 
"0000305 


"0000305 


"0000306 


49 


Hence, at and near 6° 1’, the sine is a function which increases 
uniformly at the rate of ‘0002893 per minute of angle, and the co- 
sine diminishes at the rate of 0000305 per minute. This uniformity 
of increase or decrease, which obtains when the angle changes through 
successive minutes, will, @ fortiori, still remain when the angle 
changes from second to second in the interval between two minutes. 
That is, we must, to find the sine of 60° 1’ 37:5, add to sin 6? 1’ such 
a part of -0002893 as 374 is of 60, and to find cos6° 1' 37/^5 we 
must subtract from cos 6? 1’ such part of 0000305 as 374 is of 60: 
The process may be performed either by common multiplication or 
division, or in the manner of the rule called practice in commercial 
arithmetic, as follows : 


2893 
Bn s... for60 2893 
20251 sin 6° 1” = 1048178 for 30 4 1447 
8679 proportional part E. 4. -0001808 for 6 ! 289 
107041 for 37°°5 : for 1 1 48 
1447  sin691/37^5 =. -1049986 for'5 à 24 
6,0 )10848,8 for 375 1808 
1808 
305 | 
37 for 60 305 
"td | cos6? 1’ = 9944914 for30 à 153 
f : proportional part _ oioi for 6 3 mo 
11285 "fof 37°5 mu | for 1 $° 5 
5 fo:5à 3 
153  608691'37^5 = 9944723 |? à 
6,0)1143,8 for375 192 
191 
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Nothing-will secure accuracy to a single unit in the last place of 
tables, which are, therefore, always carried a unit further than would 
otherwise be requisite. 
The inverse process to the preceding follows immediately from 
it. Given FA, F(A +s), and F(A +1’), required s. Let P be.the 
given value of F(A +s); then we have 


P=FA+— Dif. Dif. = F(A+1)—FA 


a es (P—FA)60 
m Dif. 
But, if FA bea decreasing function, we have 
TN E _ (FA — P)60 


Thus, suppose it is required to find the angle which has 1052111 
for its sine, and also that which has 0945000 for its cosine. 


P 1052111 P :9945000 
sin 6° 2', or FA +1051070 cos 6°, or FA 9945219 
P—FA - 1041 FA—P 219 
60 60 
2893 )62460(21°6 305)13140(431 
5786 =s 1220 
4600 | 940 
2893 915 
17070 250 
Angle required 6° 2' 216. Angle required 6° 2’ 43”: 1 


(67.) We must proceed’ exactly in the same manner with the loga- 
rithms of the primary functions ; and the law of the increase or decrease 
may be exhibited as follows. If we have (making p = :43429 ..) 


F(A +s) = FA+—- Dif, this gives log F(A +s) = log (PA 4 — Dif.) 


s Dif. pe. Dif. 
= lg FA + log(1 + = Fi TA a ao a nearly. 


(See Algebra, pp. 226 and 237.) But by making s = 60”, or 1’, we find 


log F(A + 1') = log FA + 4% or EPE Z log F(A +1’) — log FA 


= log FA + Š 


» 
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therefore n. Dif. — FA is what is found in the column of differences 
of the logarithms, and may be taken from the tables. We have then 


log F(A +s) = logFA + = x Dif. of log 


or we may remember that the reasoning in page 48 applies to any 
functions which increase continuously, and, therefore, to the loga- 
rithms of the primary functions, as well as to the functions themselves. 

(68.) It depends, then, upon the amount of the difference between 
F(A +1’) and F(A) whether we can pretend very nearly to find the 
angle which belongs to any intermediate between them. Look, for 
instance, at the beginning of the table of logarithmic cosines, which 
by the arrangement of the tables is the end of the table of logarithmic 
sines. We have for instance, 


log. cos 0° 6’ = -9999993 
tog. cos 0? 7" = :9999991 


We cannot, out of this 2 of difference, make different cosines for 
every second between 6'and 7’. The log. cosine here is increasing 
so slowly, that many successive increments of 1" will not make it 
shew a difference of a unit in seven places of decimals. We come to 
2? 41' before an angle increased by 1" has its log. cosine increased 
by 0000001. And if log. cosines are to shew tenths of seconds, 
that is, if the log. cosine is to increase so rapidly that 0"-1 added to 
the angle shall make a difference in seven places of decimals, the 
angle must be upwards of 25°. But when we come to tangents of 
angles very near 90^, we find that the preceding metliod fails, because 
the increases of the log. tangent for successive increases of the angle 
are far from uniform. Consequently, when the angle to be found is 
small, avoid expressing it by means of its cosine, if possible ; when it is 
nearly a right angle, avoid its sine and tangent, if possible. In the 
case ofa tangent which is very great, denoting an angle near 90°, 
proceed as follows. Let tan A = a, a being a considerable number, 
so that the angle is nearly a right angle. Remember that (56.) 


Dif, = :0000002 


tanA —1 a—1 

tan(À — 45°) = ———- = — 

BCA 40") Zi 7 adi 
Find, not A, but A — 45°, from this formula, and the difficulty will 
disappear; for near 45? the increase of the tangent is very nearly 
uniform, and also that of its logarithm. For instance, I wish to 
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know, with great exactness, the angle whose tangent is 3000. On 
looking at the tables I see that it is between 89° 58' and 89° 59’, but 
on examining the increase of the tangent, I see as follows : 


re 


t o 57! 1145:9 i 

an 89 Dif. = 573:0) not nearly 
ud Ge c af ual 
n 8g? 59! 3437°7 lf, — Yet l 


But, the angle wanted diminished by 45° has for its tangent, 


2999 
3001 ^" 9993336 
tan 44° 58’ -:0988371 
4965 > 
60 


Dif. = 5813) 297900 (51:3 


29065 
7250 
5813 A — 45° = 44° 58’ 5173 
" 14370 A = 89° 58’ 513 


(69.) Suppose cosA — a, a being very near unity, or the angle 


very small. We have then 
1 1 1—a 
vA — si m aa / Dd 
sin zA ;( ii ns A 5 


which may easily be calculated by logarithms; and from LA, A can 
be found. 
unity, we have | ; E ET 


Ea — cos (90° — A) = 2sin? (459— ;A) 
sin (45e — 1A) 


"i l—a 
2 
and from 45? — 1 A, A can be found. l 
(70.) We T seen that the cosine approaches very near to unity 
when the angle is small; so near that 1—cos@ is a small quantity by 
the side of 0 itself, when 0 is small (48.). But our future purposes 
will require a theorem which we shall introduce here, to give a further 


notion of the rate at which cos@ approaches unity. If we take an 
í 


a | | 
angle 0, less than 2! aud form the series E 3 


Similarly, if we have sinA = a, where a is very near 


l~a = 


or ÉoX3w 7 
"d 


&c. we have a 


Ld 
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series the terms of which diminish without limit. , If we then 
take j 


0 0 0 
cos 9, cos 5 cos z, cos, &c. 


we have a series of terms approximating without limit to unity. Let 
us now take 


2 3 4 
cos 0, (cos 2) (cos =) (cos 3 &c. 


We know that the powers of a fraction less than unity decrease, and 
without limit as the exponents increase (Algebra, p. 159), that is, if 
the fraction operated upon remain the same. But here we have 
in passing from 


0 . 
cos 0 to cos "L Increase 


0 0M" 
from cos - to COS -) decrease 


the question is, as n grows greater and greater, which will pre- 
dominate, the increase or the decrease. Will (es; J by the de- 


crease which takes place in raising the power, tend to a limit less 
than unity, or may it be brought as near to unity as we please. 
To try this, write 


(cos 3! in the form (1 — Ê sin? EE 
n 2n 


e M 2 
and remember that if 2 (sin) E a( 2) then 4, continually . 


approaches to unity as ^ is increased. Substitute, which gives 
(Algebra, p. 209, and p. 218, for a similar process) 


F m ( ue)" = n—l 4^0? 
(cos — |— 25 l1— nt T +n ec E 7S 


—l1— 


@? I—2 ge 
BE. n p 


2n 2 4n? ^— &c. 


every term of which, except the first, diminishes without limit when 
n increases without limit; for 0 remains the same, p approaches to 
unity, and n has increase without limit, causing the same in all the 
denominators. Hence 


[ AW n 
(cos =) has the limit 1, the same as that of cos = 
F 2 
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(71. ) We shall now examine the limit of (coss + sint)” under 


like circumstances. It is evident that 


0 . 0A" 0A" 0A" 
(cos * +k sin“) = (cos£) (1 + Atan 3 
> n n ! , n n 
n sin 
for p a — p” (1 P) and — = tan 
(p ty = ] ae m 
in which product the first factor, as just shewn, has uuity for its 
limit, and we. must examine that of the second factor. If we make 


0 0 T "e i 
nr = 5 then S ), aS n increases without limit, the limit of w 


is unity. Substitute and develope by the binomial theorem, which 
gives (as in Algebra, p. 218), - 


9" 0 6 n—1 n—2 g? 
] =) = 725 2,42 323 
( + hy —"* 2% - R? pa actu Uu s 
De 142 
ee 28 : wr KE + —— 5 u3. k3 + 
Take the limit of both sides SÉ of u = 1) 
202 ~3 03 . 
Limit of Q + kunt) = 3 + kô + —— k L d 2. d. - aad 
or Limit of NE jy an ghd 
That is the equation (cos + ksin =)" — ghd 


1: is never absolutely true; 2. is very nearly true, if n be great ; 
3. can be brought ‘as near to truth as we please, by making n sufh- 
ciently great. Extract the arithmetical nth root (Algebra, p. 110) of 
both ie. m we have, as neu as we please 


kw 


cos © "me. T E TAE Mn = £ 
if n may be as great as we please. fo if w may be as small as we please. 


Observe that this: is-independent of the value of k. In the last form | 
the result is easy to, establish, for when w is small cosw+Asinw is 
nearly 1 + Ko, which (d/gebra, p. 187) is by much the ‘greater part, 
of the developement of &"", This process, therefore, is’ one‘ more» 
experience ofthe confidence to be placed in the CEVO pem eits of 
(1 +2)" and € (Algebra; c. xi, xii E and also suggest$ the ptopriety 


i œ 


> 
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of examining further the form cos0 + ksin. Multiply two such 
forms together, and we have 
(cos 9 + ksin 0)(cos0" + ksin 6’) = cos@ cos 0' + ?sin0 sin 0' + ksin (0 + @) 
= cos 0 cos 0' — sin 0 sin 8' + (1 + k?)sin0 sind’ + ksin (0 + 0^) 
= cos(0 + 0^) + ksin(0 + 6’) + (1 + k?) sin @ sin @’ 
or, if this function of 0, cos@ + ksin be denoted by f0, we have 
SOx fe’ = f(04+ 6) +(1 + k?)sin0.sin0' .... (1) 
Multiply again by f0” or A 0" + k sin0", which gives 
J9 x.f0' x fo" = f(0-1- 0' + 0”)+ (1 -F K?)| sin0"sin(0 + 6’) + sin 0.sin o fo} 
since by (1) f(0 + 8 fo" = f(0 4- 0' -- 0") -F (1 + £2) sin(0 + 0^) sine” 


By proceeding iu this way we see that if we multiply together /@, 
J, f0", .... we have an equation of the following form: 
f0./0'.f0" .... = f(0--0'--0" 4+ ....) (1 - E)V 

where V is a function of the angles, and of k. This factor 1+ k?, 
might be made to simplify the expression materially, if there were 
such a value of k as that 1 + k? should be = 0, but there is evidently 
no: such algebraical value, positive or negative, for k? is always po- 
sitive, and 1 -+ k? greater than 1. We shall hereafter see the conse- 
quences of this hint, but we shall leave this formula for the present. 
As far as we have yet proceeded, every thing seems to render it most 
likely that, if any function of sines and cosines be identical with a 
function of common algebra, it is of the form cos 0 + ksin 0, which, 


though not found to be such, is very nearly represented by £’, 
when @ is small. To try this supposition, let us (as an experiment) 


make cos ô + ksin ð = € for all values of 6, 


merely to see whether the consequences coincide with those already 
obtained or not. Then, if this equation be universally true, we liave, 
writing — 0 for 0 (44.), 


. 1 à 
cos 6 — k sin 0 = &7*^ = y, Let & =F 
E : 
: 1 
Then 2cos = z+- Qksind = r—- 
I 


T mM E uw 
Again, cosnd+hksinng = ekn^ = (r°) = g” 
- jJ = j 


- s > l . " R m n 
í cosn 0 — ksinng = 7%! — Gu = = 
I 
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1 ! 1 
WI = gz” +- 1 — — — 
ence 2 cosn Ó din be" 2 hsinn( a” zn 
(72.) Let us try some properties of the sine and cosine with 
these supposed values. 
cos20 = 2cos?0—1. or 2cos2 0 == (2cos 0)? — 2. 


If our preceding ann be correct, we should have, 


e += = (z x + Y — 2; but this is true, therefore 


this case does not ends our assumptions. 


Again sin20 = 2sin0cos0 or 2ksin20 = (2ksin0)(2cos0) 


But -(-2 (x +- -) this case, therefore, is 


no — 
Again, cos20 = 1— 2sin?0 2k*cos20 = 2k?—(2ksin6)? 


But Qh®cos2d = kex? + = 
2k? — (2ksind)? = 2k? — (a -1y = 2h + 2—2 


to equate these two is therefore to make k?+ 1 = 0, which cannot be. 
We may next prove that all the equations contained in 


^ Qcosnd = x” +5 2 ksinni = e 


1n 


for all whole values of n from 0 upwards, must be true ¿f the two 
first are true; namely, 


1 ; 1 : 
n = 0 9 = 74+ rE 2 ksin = a^ — — which are true 


n = 1 2cos0 = r+- 2 ksinð =x saene CA) 


For itis readily shewn that the truth of any two of these equations 
involves the truth of the next, as follows. Let a and a +1, any 
two successive values ofn, give true results, that is, assume 


2 cosuü = x gh 2Rksiuad = zr = 
xe ae 
a+l 1 : a 1 
2 cos(a + 1)0 = ar aii 2ksin(a+1)0 = £ "—— 
Y = 
Now, ep 2)0 09 = (atlyo eres a0 , 


» 


Qı 
~} 
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(54.) cos(a + 2)0 + cosa@ = 2 cos(a 4- 1)0.cos0 
sin (a 4- 2)0 + sina0 = 2sin(a+1)@ cos0 


Therefore 2cos(a + 2)0 = 2cos(a +1)d.2cosd — 2cosaó 


=" E)G 2-6 


And 2 hsin(a 4- 2)0 = 2 k.sin(a +1)d.2cosd — 2 k sinað 


= (is) (#4) 


a+2 


rm 
From these it appears that the third follows from the two first; 
the fourth, from the second and third ; the fifth, from the third and 
fourth, with the second, &c. 
We now try the equation 


(cos é + sind)? = ] + sin? ð l à 
or (hk. 2cosd + 2Rsingf* = 442-9 A.2 ksin29 
TE k Ke. weenie 
or (ha += +2—1) = 4h°4+2k(a2?—5) 


Simi da 


But ((k+ 1r + = 


= 2k(z—5) + G8 D (+3) +28-2 


= (A -- lyz?--2(R2—1)-4 


which becomes identical with 4k? + 2k (»—1) only on the ım- 
possible supposition of 1 + A? = 0. 
We shall try one more case. 
Since 1? = cos nO + ksin n0, and r = cos 0 + ksin 0, we have, 
cos n0 + ksinn = (cos 0 + ksin 0)” = (c + ks) 
Or cos20 + ksin20 = c?+ 2kes + ks? = (c?+ 2kes—s?) 
cos 30 + ksin30 = c+ 3kc?s + 3k?c3?+ Ps 
= (c + 3kc?s — 3cs? — ks?) 
cos 40 + ksin 40 = ctp 4ke?s 6k es? + 4k ces? + kts! 
= (cf + 4ke*s — 6c?s? — 4k es? + sf) 
The values in parentheses are those- already found -in »(59.), 
simply multiplying the sines by k, and forming cosn@ + ksinn6, 
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case after case, altering only the order of the terms, so as to put them 
under those which they resemble in the results of our present method. 
We see, then, that the results of our present method coincide with 
those of (59.), by writing — 1 for k?, — k for k, 1 for kt, &c., 
which are all algebraical consequences of the single assumption, 
k? = —1, which gives k? = —k, k* = — k? = 1, l^ = k, Kc. 
And from all that has preceded, we deduce the following remark, 
which we have as much reason to suppose generally true, as instances 
can give. 


s 1 1 : ; 
(73.) The functions x + " and 1—7 have properties corresponding 


in all respects to the trigonometrical functions 2 cos0 and 2ksin 0; 
and such that, under the following limitations, the properties of the first 
may be deduced from those of the second. If an equation which is 
true of the first functions, undergo substitution of the second for the 
first, then, if the result do not contain k at all, it is absolutely true of 
“the second; but if it contain powers of k it is never true of the 
second. Neseniieiess it becomes true of the second, if for the set of 
even powers of k, namely, k?, kt, kê, &c. we substitute —1, +1, 
—1, &c. and for the set of odd powers of k, namely, k, k3, k5, k’, &c. 
we substitute k, —k, +k, —k, &c.; in which case, the part inde- 
pendent of k on one side is equal to the part independent of & on the 
other, and the coefficient of k on one side equal to the coefficient of k 
on the other. And the representative of r is cos0 + ksin 0, and 


also gh 


1. 2 ; 
Nevertheless, 2cos0 = c +7 is an impossible ‘equation, except 
l » 
only when z = 1,cos0 = 1. For, whereas 2 cos is never greater 
than 2, z +- — is never less than 2. For, if x gs z Were less than 2, 


i? 4-1 ms be less than 22, or 32—2z + 1, a square, would be 
negative. Aud, in fact, if we solve 


r+: = 2cosé we find x = cosó + V — sind 
x—- = Ohsinóé gives x = hsind + y kêsin?ð +1 


which agrees iu form with the preceding only when k? — — 1. 
We have thus laid the foundation of the application of a more 
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,abstruse analysis to the primary functions of an angle. We shall 
first consider the application of our formula to the solution of 
triangles, as it is called, that is, the determination of the remaining 


parts of a triangle, when enough are given to distinguish it from 
all others. 
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CHAPTER III. 
ON THE SOLUTION OF TRIANGLES. 


(74.) Ler aU, bU, cU, be the sides of a triangle, U being any given 
linear unit, and let A, B, C, be the opposite angles, expressed in 
degrees, minutes, and seconds. When one ofthe angles is a right 
angle, it is evident that the tables of sines, cosines, &c. are nothing but 
registers of the proportious of the sides of such a triangle. Knowing, 
therefore, any one side, and an angle, we look to the table for the pro- 
portion of the other side to it, preferring, of course, the logarithm of 
the proportion for convenience of calculation. 

(75.) The best tables in common use are those of Hutton, which 
may be procured ofany bookseller. The arrangement by which the 
sine of 18°, for instance, is prevented from being again printed as the 
cosine of 72°, will be better understood by consulting the table (and 
remarking the description of the functions at the top and bottom of 
the page, and the reckoning in minutes downwards on the left hand, 
and upwards on the right) than by any explanation. 

But the following point requires some notice. In every mathe- 
.matical table which contains both positive and negative quantities, 
there is such a liability to error in taking out the signs, that it is 
most useful, and almost necessary, to form the table in such a way 
that all shall have the same sign. Suppose, for example, that the 
following table was in frequent use. 


+6, +4, —3, +2, — 10, — 1, +8, — 11. 
Now 12 being greater than any one of these, add 12 to each, 
which converts the table into 


+18, +16, +9, +14, +2, +11, +20, +1. 

Every result in this table is to be added; but 12 is to be sub- 
tracted whenever the table is used. There is always both an addition 
and a subtraction; the sign of the table will not be liable to be read 
and the correction of the table is uniform—always a sub- 


wrong, 


traction. 


- 


+ 
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_ The trigonometrical tables consist of—sines and cosines with 
logarithms always negative—tangents and cotangents with the same 
_sometimes positive and sometimes negative — and secants and cose- 
cants with logarithms always positive. The plan which is followed 
is to add 10 to every logarithm in the table, without exception : 


so that, 
True log. FA = Tabular log. FA — 10 


Tabular log. FA True log. FA 4- 10 
For instance, sin 309 — 1 log. sin 30? = —-3010300. 
In the tables we have, 10 — ‘3010300 Or 9:6989700. 
(76.) The formule for the solution of right-angled triangles, are 
as follows : 
Let C be right angle, cU the hypothenuse; then we have, 


c 
G 
- = sin Å = cos B a = csin À = ccos B 
z = tm A = cot B a'— btan A = bcot B 
ce = a? + b= V(c—a.c+a) 
But the following formule should be remembered in words. 
side — hypothenuse into sine of opposite angle 
side — hypothenuse into cosine of adjacent angle 
hypothenuse — side by sine of opposite angle 
hypothenuse — side by cosine of adjacent angle 
side = other side iuto tangent of opposite angle — : 
side — other side by tangent of adjacent angle 


(77.) The following are the cases which may occur, and the loga- 
rithmic equations for the solution (L sin, &c. mean tabular log. sin, - 
&c. ; side, or angle, in Italics, means given side). 

1. Given the hypothenuse and a side ; required the rest. 

log. remaining side = 4 (log. hyp. + side + log. hyp. — side) 

L. sin. angle opp. side = 10 + log. side — log. hyp. 
angle opp. other side = 90° — angle opp. side - 
G 
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2. Given the hypothenuse and an angle ; required the rest. 


log. side opp. angle = log. hyp. + L. sin. angle — 10 
log. side adj. angle = log. hyp. + L cos. angle — 10” 
other angle = 90° — angle " 
3, Given a side and an angle; required the rest. 
Other angle — 90? — angle 
log. hyp. = 10 + log. side — L sin / opp. side 
log. other side = log. side + L tan Z adj. side — 10 
4. Given the two sides ; required the rest. 
Ltan. AN ANGLE = 10 + log. ITS opp. side — log. other side 
Other angle — 90? — the ANGLE found | 
log. hyp. = 10 + log. A SIDE — L.sin. ITS opp. angle. 


(78.) 'There are two cases in which the sine and tangent of an 
angle are severally to be found ; from two equations of these forms 

a a 

sin å = — tanA = — 

c b 


If in the first case - be very near unity (68.), use the equation 


Q9— A — en 
2 cos? (> 2 -—— Or sin (45° ~*)= (CE 2 


If, in the second case, ò be very small in comparison of a, use 


tan À —1 a—b o a— b 
tanA+1 a+b or tan(A — 45°) ~ a+b 
When a side (b) is given and a very small adjacent angle (A), 
the hypothenuse may be determined by its excess above the given 
side (which is I as follows : 


= erui TS 


c—b= VA cosA 


== 2 bsin’ = very nearly. 


(79.) Given the hypothenuse and the sum of the two sides; 
required the rest. 


(a + bY — c? = 2ah = VWe8%sinA.cosA = ctsin2A 
L.sin2A = 10 + log(a + b + e) +log(a + b — c) — 2logc 


Given the excess of the hypothenuse over a side, and the difference 
of the angles; required the parts of the triangle. 


> 
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Let c—b = h, A—B = M, 7 A+B = 90°, 
Aes P . Bs 2. b = h.cosA 
2 2 sin T 
(80.) From the following table, in which all the parts of a right- 
angled triangle are given, any data may be chosen, and the preceding 
formulæ verified. 
c. = 128-4327 logc = 2:1086756 
b = 66-1364 logb = 1:8204405 
a = 110°0951 loga = 2:0417681 
A = 59° 0' 21"-25 B = 30° 59’ 38°75 
L.sinA = LeosB = 9-9330925 
L cosA = LsinB = 9:7117649 
LtanA = LeotB = 10:2213276 


(81.) We shall now proceed to the cases of oblique-angled triangles. 
The three angles are connected by any of the following relations. 


A+B+C = 180° A+B = 180°—C oe = w% — = Ke. 
sin(A + B) = sinC, cos(A +B) = —cosC, tan(A+B) = —tanC Ke. 


sin 3 (A + B) = cos1C, cosi(A + B) = sin}C, tan} (A+B) = cot4C &c. 
Again, sin*(A + B) = sin*A . cos? B + cos? A . sin? B + 2sin A cos A sin B cos B 
for cos?A and cos?B write 1—sin?A and 1—sin?B, which gives 


sin?(A + B) = sin?A + sin? B + 2sinA . sin B (cos A cos B — sin A .sin B) 
But, sin(A + B) = sinC. cos(A + B) = —cosC 
or sin*C = sin? A + sin? B — 2 sin A sin B cos C 
Similarly, sin? B = sin?C + sin? A — 2 sin C sin A cos B 
sin? A = sin? B + sin*C — 2sin Bsin C cos A 
l tan A + tan B 


1 — tan A.tan B 
or tan A + tan B +tanC = tan A.tan B.tan C 


Again, tan (A +B) = —tanC = 


(82.) Let pU, qU, and rU, be the three perpendiculars let fall from 
the vertices of the triangle. upon the sides aU, U, and cU. And 
let A’, B', and C' be the exterior angles of the triangle adjacent to 
A, B, and C. Then, if A be an obtuse angle, there are right-angled 
triangles, having for hypothenuses bU and cU, and for sides opposite 
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to A, rU and qU. If A bea right angle we have b = r, and c = g. 
If A be an acute angle, we have right-angled triangles having for 
hypothenuses b U and cU, and for sides opposite to A, rU and qU. 
And the same of B and C. Again, A+ A’ = 180°, B m = 180°, 
C + C' = 180°, and we have 


p = bsinC or bsinC’ = bsinC, in both cases: 


p =csinB or csin B' = csin B, in both cases 
; ; : b sin B 
That is, bsinC = csinB or - = —,5 
c sin C 
c sin C a sin A 
Similar] — - and - = — 
J u sin A b sin B 


That is, any two sides are proportional to the sines of the opposite 
angles. This is the formula upon which all others relative to 
triangles will be made to depend. 

. (83.) Divide both sides of the value of sin?C in (81.) by sin?C ; 
substitute the ratios of the sides for those of the sines of angles, and 


we have 
l= + 5 — 22 . 5. cosC 
or B c? = &? + b — 2abcosC, cosC = GS 
Similarly, 6? = c? +a — 2cacosB, cosB = A 
a? = P + c?—2bccosA, cosA = MU 


These formule may be readily deduced from the triangle itself, 
it being obvious that p = bsinC, and also that 


c? = (bsinC)? + (a — b cos C} 


(84.) We now proceed to put the preceding expressions in a 
form convenient for logarithmic computations : 


etic ib) esca. MOO 


2ab 2ub 
| (a—by—c--2ab _ (a—by—e 
Also cos C ni 2 4] 
or l + cos C = (a+b+c)atb—c) mE PI (c ca —b (c -b—. 


Jub m 2ab 


‘ante 


p 
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a+b+e 
b+c—a 


Let 


2s then 
2 (s cm a), 


a+b—e 
c+a—b 
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2(s — c) 
2 (s — b) 


Substitute these, and also the values of 1 + cosC, &c. which gives 


C s(s— c) . Cf (s — a) (s— 5) 
o ee 4 a NL 
CoS g — "ab Sa g ab 
Similarly cod = 20-0) id = et 
2 ac 2 ac 
A _ s(s—a) ; QA (s — b) (s— c) 
ad LETT Sa g bc 
_ (s—6)(s—c) B (s— a) (s — c) C (s — a) (s — E) 
2  s(s—a) ur x s(s— b) iio dus $(s— c) 
snA = 2 sinB = — sinC = ay 
bc ab 
where V = J/{s(s—a)(s—b)(s—c)} 
This is derived from the preceding, by aid of sinA = 2sin 39595 
sinÀ — sinB _ sinC 2V 
a — Là . c abc 
LbcsinA = icasinB = sabsinC = 


(85.) To reduce c? = a?+ 0? —2abcosC to a form adapted for 
logarithmic computation, proceed as follows: 


= (a+b —2ab(l — 
= (a+6)?—4a boo = = (a+ by} — - Gag s 


Now, (a + 6)? —4ab being : — by is positive; therefore (a + b)? 
is greater than 4ab and 
4ab ab 
(adj (a 7 (a+ by 
Compute the positive square root of the last expression, and find 
in the tables the angle of which it is the sine ; or find K from 


2/ub.cos 1 C 


: E i 
and still more cos? — is less than 1. 


sink = 
a+b 
Then c? = (a +6)? fl —sin? K} or = (a+b) cosh 
2. c= Mono lad 
= (a=b) 14 pam d l c} 
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Compute K’ from tan K’ = 2 ui sin 4C 
a — 


a — b 


Then c? = (ab) f1+aeK)  c—lI 


a sin À 
A - = i 54. 81. 
(86.) Lastly, 7 cg gives (54.) and (81.) 
a—b sinA—sinB |. tan j (A—B) _- tan 3 (A— B 
a+b ^ sinA+sinB ^ tan} (A+B) — cot à C 
—b 
or tan } (A—B) = - ; cot 4C 


(87.) The preceding formulæ are sufficient for our general purpose. 
We shall now proceed to different cases. 

The student may verify the methods as they are produced upon 
the sides, &c. of the following triangle: 


a = 15:236 loga = 1:1828710 s— a = 3:098 log (s— a) = 0°4910814 
b = 12:414 logb = 1:0939117 s— b = 5:920 log (s— b) = 0:7723217 
c = 9:018 loge = 09551102 s—c = 9:316 log(s—c) = 0°9692295 


s = 18:334 logs = 1:2632572 .V = 55:96866 log V = 1:7479449 


1+-b = 27:650 log (a+b) = 1:4416951 a—b = 2:822 log(a—b) = 0:4505570 
+c = 21:432 log (b+c) = 1:3310627 b—c = 3:396 log(b—c) = 0:5309677 
i+ c = 24:254 log(a--c) = 1:3847834 a—c = 6:218 log(a—c) = 0°7936507 


L. sin. L. cos. L. tan. 

A = 89 9 23:54 | 99999530 | 8:1679268 | 11:8320262 
B = 54 33 25:12 | 99109937 | 97633479 | 101476458 

C = 36 17 11°48 | 97721922 | 9:9063714 | 9:8658208 
4A = = 44 34 41777 | 98462647 | 98526583 | 9:9936064 
)B = 27 16 42:56 | 96611649 | 9:9487989 | 97123661 

. 4C. = 18 8 3574 | 9 4933102 | 9:0778520 | 95154583 
1(A— B) = 17 17 59:21 | 9:4722989 | 9:9798951 | 9:4924039 
. 4(B—C) = 9 8 6°82 | 92007551 | 9:9944564 | 9:2062988 
4(A—C) = 26 26 6:03 | 9:6485379 | 9°9520365 | 9°6965016 
K, == 44 41 30°6 |9:8471366 | 9°8518083 | .........- 
K, = 59 12 50:4 |99340361 | 9:7091283 | ........4. 
K, = 70 57 53:6 |99755783 | 9°5134140|.......... 
K', =77 7155 |..:.....| 93408970 | 10°6408380 
Ke = 59 56 289 | ........ | 9°6997390 | 102375348 
K' = 71 45 509 | ........ | 9°4954464 | 10°4821746 


where, by K, is meant the angle K of (85.), as obtained when a is to 


a 


Li 


> 
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be found, or from a? = b?-+c?—2bccosA. In the following table, 
pU, qU, and rU, are, as before, the perpendiculars on a, b, and c, 
and a,U means the segment of aU adjacent to bU, &c. 


p = 7347 logp = 0°8661039 
q = 9017 logg = 09550632 
r = 12:413 logr = 1:0938647 
a, = 10-006 loga, = 1:0062831 a, = 5:230 loga, = 0°7184581 


b, = 12-281 logó, = 1:0892424 b = +133 logb, = 91230370 
c, = 8:835 loge, = 09462189 c, — -183 loge, = 9:2618385 


In all the following article, a is the greatest side, b the mean, and 
c the least. Consequently, A is the greatest angle, &c. { } means 
that the quantity enclosed is the one found by the process; all the 
others in it being given or previously found. 


(88.) Frrst Casr. Given the three sides, required the angles. 
First method. (6.) a, — a; = U5— c? or (ay— a,)a = (b + c )(b — c) 
log fa — a,} = log(b + c) + log(b — c) — loga 
Hence, a, — a, is found : let it be A. 
{a} — 4(a-À) {a} = 1(a— A) 
log.cos f C ] = loga, — log b log. cos( B) — loga, — logc 
fA} = 1809— (B+C) 


This method is the shortest when all the angles are wanted, but 
should not be used (68.) when one of the angles is very small; or 
one of the sides very small in proportion to the rest. When one 
angle only is wanted, use the 


Second method. To find A, use (84.) one of these, 
L.sinf 3A} = 10 + 1 (logs — b + log s — c — log b — log c) 
L.cos 3A } = 10 + 1 (log s + logs — a — log b — logc) 
L.tan{ 4A $. = 10 + }(logs—6 + logs — c — logs — log (s — a)) 
{A} —2x1A | 


(89.) Seconp Case. Given two sides (a and b, a the greater), 
and the included angle C ; required the rest. 
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First method. When both the other angles and the remaining 
side are required, use 
L.tan {;A—B} = log(a— b) + L.cot 4C — log(a + b)* 
(4A +B} = 90 — 1C 
{A} = 3(A+B)+3(A—B) {B} = 4(A4-B)—4(A— B) 
log (c) = L.sinC + logga — LsinA + | 
Second method. When the side only is TNR (85.), use either 
of the following : 
L. sin (K) = i(loga + log b) + log 2 ae ee 4 C — log (a + b) 
log {c} = log(a + b) + L.cosK — M 
L.tan{K’} = (loga + logb) + log2 + L.sin 4 C — log (a — b) 
log {c} = log (a — b) + 10 — L. dn 
Third method. When the given angle is very nearly 180°, let it 


be 1809 — C,, where C, is small; we have then 


c = a? + b?— 2ab cos(180° — C) = a? + L? i 


(a CPP sint 4 C,} 
By the binomial theorem Ji—2r = 1— iz nearly, x ts small 
= (a + b) (1— CI sin3O) =a +b- 


very nearly. But sinC, = 2sin}C,.cos}C,, or cos}C, being 


very nearly 1, we have . 


— (a--bP—4absin*4C, = (a +6){1— 


7 sin] C, 


sin 1 C, = 3sinC,, , sin? 43 C, = 1 sin? C,, very nearly: 
ab sin? C 
= - b — li ———— 
C a 4-6 eum very nearly 


log {A} = 2Lsin C, 4- loga + log 5 — log (a + b) — 20 
c=zat+b—tk 


Fourth method. When b is very small compared with a, and the 
small angle B is wanted, we have 


esr sin A = sin (B + C) = cosC + cot D.sin C 


b — sinB sinB 
* 10 is not added here to give the tabular logarithm, because L. cot 


is already too great by 10. 
T The excess of the one tabular log. compensates that of the other. 
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: a — bcosC . bsinC _ b. 
nee eae a 


_very nearly ; hence 6 is readily found, yery nearly. 


(90.) Turrp Case. Given two sides and an angle not included, 
required the rest. 

It can be shewn immediately that this is a problem of the second 
degree, admitting sometimes of two solutions. Let a and b be the 
given sides, B the given angle; we have then 


b? = aè + E — 2accosB 


or {c} = a cos B + Vb? — a?sin? B 
sin ic} — e sin {A} = — 


1. There is no such triangle at all when 5 is less than asin B. 

2. Only positive values of c must be taken, for a negative value 
of C would give sinC negative, or C greater than two right angles, 
which is impossible in a triangle. The roots of the equation are 
both positive (Algebra, p. 139.) when a?— b? is positive, or a greater 
than 5; in this case there are two triangles satisfying the conditions 
in question. When «a = 6 one triangle disappears, for then one 
value of c is 05; when a is less than b there is only one solution. 

The geometrical construction will also shew this. Lay down 
the angle B equal to the given angle, and take PQ — aU. With 


S 


centre P and radius P Y = bU describe a circle, then, if bU be less 
than PR or asin B.U, there is no such triangle ; if bU = asin B.U, 
there is a right-angled triangle QPR, under the given conditions ; 
if, PY being greater than P R, it be still less than P Q, there are two 
triangles, QP X, and QPY, satisfying the conditions. But if PY 
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be greater than PQ there is only one such triangle, QP V, for the 
triangle Q P Z obviously has not the given angle, but its supplement. 
For logarithmic solution, proceed as follows : 


L.sin (A) = loga + L.sin B — log b 


Here (50.) are two angles which satisfy the conditions ; one less 
than a right angle, which call A , the other A,» or 1809 — A „ greater. 
sin B 

b. 
case L.sinA will be found greater than 10, or log.sin A positive, 
and there is no such angle. In the case where this does not happen, 
we proceed as follows : 


Either — (C) — 180 — A,.-B o 180—A.— B 
Or CO—180-A—B C=A-—B 


if A, be greater than B ; for otherwise, C,, is negative, and is here 
inadmissible. Consequently, the two values of c being c, and c,, 
we have, 


— bsinC, bsin(A,-- B) bsin(A,— B) 
C, = snB M sin B Mee |. sinB 


log ( c, ) = logb + LsinC, — LsinB 
log {c,\ = logb + LsinC, — Lsin B (if C, be positive) 


Or it may happen that a 


may be greater than unity, in which 


(91.) FounTH Case. Given a side and two angles; (aU the 
side), required the rest. 


(Third angle } — 180°— (sum of given angles) 
logb = loga + Lsin B — LsinA 
logc = loga + LsinC — LsinA 


CHAPTER IV. 


ON TIIE EXTENSION OF THE MEANINGS OF SYMBOLS, AND ON 


THE SQUARE ROOTS OF NEGATIVE QUANTITIES. 


(92.) We have as yet explicitly used only two different kinds of 
symbols: those of quantity, specific and general (arithmetical and alge- 
braical), and those of operation; specific, as + —, &c. and general, 
J, $, &c. (Algebra, p. 203). But we are not therefore bound never 
to use any other symbols; the only laws by which our right to 
such aids is limited, are the following. l 

1. Neither the symbols themselves, nor any expressions in which 
they are used, must have different meanings ofany such kind, such 
that the consequences of one meaning may be confounded with, and 
used for, the consequences of another. 

2. The consequences of all assumptions must follow logically 
from the assumptions themselves. 

It therefore becomes of interest to consider in what other possible 
ways we might use symbols. And first it must strike us that all yet 
employed may be styled under one name, more general than either 
operation or quantity. They are, in fact, symbols of discrimination 
or distinction. Thus, in a, b, and ce, in which the symbolic difference 
is only difference of shape, that circumstance is made the distinction 
between difference of numerical magnitude. In + and — the same 
distinction, namely, of form, is made that of the direction given, as to 
which of two fundamental operations is to be performed. In ab 
and T we see that difference of position, with the employment of a 
new, and not altogether necessary, symbol, is the distinction which 
implies differencc of operations. 

(93.) Let us now look at the extension of arithmetic into algebra, 
not confining ourselves to the notion of operation or quantity, but 
generalising our idea of symbols to that of mere discrimination; the 
object being to consider, whether, in this point of view, extension is 
possib/e, preliminary to the further question of whether it is advisable. 


€ 
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Looking narrowly at the steps by which we ascended (Algebra, p. 57. 
and 110.), we see that, so far as the discriminative quality of the sym- 
bols is concerned, we found the following consequence of our funda- 
mental and arithmetical definitions of + — &c namely, that old 
rules were sufficient to express new distinctions consistently with the 
old distinctions ; in such sort that, whenever the new distinctions dis- 
appeared, the result was a legitimate consequence of the older notions, 
such as would have been obtained if the more circuitous method had 
been adopted, to avoid which the new distinctions were introduced. 
For example, when we came to the expressions a+ (+b) and 
a--(—b), which have no meaning under the original meaning of 
+ and —, we had extended our ideas to the following question. 
The distinction between a magnitude of any one kind and its dia- 
metrically opposite, being denoted by *b and €[b, if there occur a 
case of a problem in which *5 requires to be added to a, what will 
the similar problem require, in which b is used where * b was used 
in the other. And we found, 1. That where *b requires addition, 
«b requires subtraction. 2. That +a and —a would themselves 
consistently express *a and Ta, provided that the rules appertaining 
to the original meaning of + and —, and no others, should be 
also applied to them in their new and distinctive capacity. And 
we also found that the disappearance of + and —, in their new 
character, was accompanied by the disappearance of all traces of the 
new distinctions ; or that all theorems which in any case took the old 
forms only, were true under the old meanings. The old algebra 
(general arithmetic) was, in every sense, part of the new one. 
(94.) Now, this we shall lay down as the restriction under which 
any further extension is to be made; namely, that all theorems at 
present existing, are to be theorems which are true, whenever they 
are the consequences of any further extension; and true in the sense 
in which they exist at present. We might propose infinite numbers 
of changes of meaning, under which some theorems would remain true, 
but in which others would not be so. For instance, if x placed 
between two quantities, were made to signify that their sines (not the 
numbers themselves) should be multiplied together, then (61.) 


axa—bxb = (a +b) x(a—b) 


would be true; but ax 2b = b x2a would not be true. 
(95.) There might arise cases in which the answers of problems 


» 
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could not be expressed without more power of symbols than is pos- 
sessed at present. For instance, will any one undertake to say, that of 
all possible problems, there is no one of which the answer is as follows: 
Divide 6754321 by 12, in the common way, with this exception, that 
whenever the remainder is an even number, it is to stand, but when- 
ever it is an odd number, it is to be increased by 1, if the preceding 
remainder were even, and diminished by 1 if odd. The answer to 


this question would be, 
1236751321 
570367 $, 


but no symbols, at present possessed, would describe the operation. 
Again, if we ask what is that expression which, when zr is positive, 
is x’, but when r is negative, is x°? This cannot be expressed by 
present symbols; and the same may be said of many imaginable 
results. So much for the possibility of further extension, or a new 
symbol of distinction; the next question must be, is it wanted, and 
can it be made? 

(96.) When the earlier algebraists first began to occupy themselves 
with questions expressed in general terms, the difficulties of subtrac- 
tion soon became obvious, inasmuch as the greater would sometimes 
demand to be subtracted from the less. The science has been brought 
to its present state through three distinct steps. The first was tacitly 
to contend for the principle that human faculties, at the outset of any 
science, are judges both ofthe extent to which its results can be 
carried, and of the form in which they are to be expressed. Igno- 
rance, the necessary predecessor of knowledge, was called nature ; 
and all conceptions which were declared unintelligible by the former, 
were supposed to have been made impossible by the latter. The first 
who used algebraical symbols in a general sense, Vieta, concluded 
that subtraction was a defect, and that expressions containing it 
should be in every possible manner avoided. Vitium negationis, was 
his phrase. Nothing could make a more easy pillow for the mind, 
than the rejection of all which could give any trouble; but if Euclid 
had altogether dispensed with the vitium parallelorum, his geometry 
would have been confined to twenty-six propositions of the first book. 

The next and second step, though not without considerable fault, 
yet avoided the error of supposing that the learner was a competent 
critic. It consisted in treating the results of algebra as necessarily 
true, and as representing some relation or other, however inconsistent 

H 
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they might be with the suppositions from which they were deduced. 
So soon as it was shewn that a particular result had no existence as a 
quantity, it was permitted, by definition, to have an existence of 
another kind, into which no partieular inquiry was made, because the 
rules under which it was found that the new symbols would give true 
results, did not differ from those previously applied to the old ones. 
A symbol; the result of operations upon symbols, either meant quan- 
tity, or nothing at all; but in the latter case it was conceived to be a 
certain new kind of quantity, and admitted as a subject of operations, 
though not one of distinct conception. Thus, 1 — 2, and a — (« + b), 
appeared under the name of negative quantities, or quantities less than 
nothing. These phrases, incongruous as they always were, main- 
tained their ground, because they always produced true results, when- 
ever they produced any result at all which was intelligible: that is, 
the quantity less than nothing, in defiance of the common notion that 
all conceivable quantities are greater than nothing, and the square root 
of the negative quantity, an absurdity constructed upon an absurdity, 
always led to truths when they led back to arithmetic at all, or when 
the inconsistent suppositions destroyed each other. "This ought to 
have been the most startling part of the whole process. "That contra- 
dictions might occur, was no wonder ; but that contradictions should 
uniformly, and without exception, lead to truth in algebra, and in no 
other species of mental occupation whatsoever, was a circumstance 
worthy the name of a mystery. 

Nothing could prevail against the practical result, that theorems 
80 produced were true; and at last, when the interpretation of the 
abstract negative quantity shewed that a part, at least, of the difficulty 
admitted of rational solution, the remaining part, namely, that of the 
square root of a negative quantity, was received, and its results 
admitted, with increased confidence. 

(97.) The complete explanation of the embarrassing circum- 
stances is comparatively modern; the latter arise from a very simple 
logical misconception, the assumption of the truth of a converse, 
namely, that if B follow from A, B follows from nothing else but A; 
or if A always yield B, B when it appears, must have been produced 
from A. We can imagine a, b, c, &c. +, —, x, &c., defined in many 
different ways, so that certain of the theorems of algebra should 
severally be true under more than one set of meanings ; and we have 
shewn an instance in page 72. We can further imagine it possible 
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that one set of meanings should be so connected with another, that all 
theorems which are true in the first, should also be true in the second, 
and that, beside this, there should be other classes of theorems which 
are true in the second, but not true in the first. This is as possible as 
that one figure should be entirely contained in another, without filling 
it. We might thus conceive a succession of extensions of definitions, 
giving a series of s-iences, each containing the whole of its predeces- 
.Sors, and more.. Whence it is clear, that if the methods of operation, 
under any science, wandered beyond its limits, without that corre- 
sponding extension of definitions being made which converted the logic 
of one science into that of the other, the consequence would be, the 
appearance of some of the symbolic means of expressing truths in the 
wider science, without the key to their interpretation. This happened 
when we first came to the negative symbol in algebra (Algebra, p. 12), 
and we were under the necessity of adopting more extensive defini- 
tions. The proof of undue extension in the operations again occurred 


(p. 110.), where 4/ —1 first appeared ; but it was not then necessary 
to follow up the extensions necessary for its elucidation. 

This matter is one of difficulty to a beginner, unused to the idea 
of a finished language having the meanings of all its terms extended - 
so that the old meanings are only part of the new ones. But, in 
reality, he has gone through the process, by insensible steps, in his 
childhood.* Let him compare the first impression he was made to 
receive by the words “ I see,” with the sense he puts upon the phrase 
when, if he understand the preceding, he says he sees my meaning. 
That which I here call the extended use of the term, he will call the 
allegorical or metaphorical mode, that is, if we translate these Greek 
terms, the other-speaking, or transferred mode of expression. But 
in what way is the speech changed? By using the word to * see,” 
not only as denoting perception by the. eyes, but perception by the 
understanding in any way whatever. If we heard any one speak, we 
might still see his meaning. 

(98.) Let us consider the most general meaning of any funda- 
mental equation of algebra: for instance, a + b = b --a. We restrict 


* The similarity of the views here given, with some in the review of 
Mr. Peacock's ** Algebra," in the ninth volume of the ** Journal of Edu- 
cation," makes it necessary for the author to state that he was also the 
writer of those articles. 
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ourselves to this only, that b and a, and +, mean the same thing in 
both places, that = denotes, gives the same result as, or is the same 
in effect as, and that the order of the expression is from left to right, 
that is, on the first side we first examine a, and b on the second side. 
Then a +b merely implying that something, b, is done in some 
manner, +, after something else, a, has been done; the above 
shews no more than that it is indifferent whether a is done first or 
b, or that the result is the same in both cases. Consistently with 
a--b — b-F a, many meanings might be shewn to be impossible, 
and many possible. Neither need a and 6 stand in any way for 
quantities: for instance, the preceding would be true if a stood for a 
line not considered as a length, b for another line, + for the formation 
ofa rectangle out of a and b, and = for equality of space enclosed. 
The preceding relation may therefore be a truth under an infinite 
number of different meanings. Let us now take another form, 
ab = ba, which admits of exactly as many meanings as the first, 
and denotes merely indifference of order. Suppose we pick out two 
such meanings at pleasure, and assign them, only requiring that 
a and b shall mean the same in both relations. We then have defi- 
nitions for a, b, + and the meaning of juxtaposition, and have ex- 
plained a + b = b + a, and ab = ba, from which it follows that if 
+, as defined, will intelligibly apply to ab, we have ab+6 = b+ ab, 
&c. But if we would have our new algebra identical with the old 
one in forms, we must choose such meanings for the symbols in the 
two relations as will also make 


a (a + b) = aa + ab represent a new truth. 


This is a restriction upon all the possible allowances of meaning 
which might be made: for it does not follow that every meaning 
which makes a + b = b +a, and ab = ba, true, also makes the 
last true. And other relations might be introduced which would still 
more restrict the meanings, and so on, until every fundamental 
relation necessary to algebra had been considered. If we could 
really collect all the possible meanings of each separate relation, and 
find the method ofascertaining which must be struck out for each 
and every new combination which the mechanism of algebra intro- 
duces, we should, if we could classify the remainder uniting those 
which are particular cases ofa general meaning under their general 
head, be left with an algebra in the widest possible sense of the word. 


» 
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We do not want to change operations ; but we want to find all the 
definitions under which those operations will demonstratively enable us 
to pass from one (ruth to another. 

(99.) Two explanations may be given ofthe manner in which Vi 
may rationally be used; the first purely symbolical, that is, employing 
/—1 asa symbol, the meaning of which is given for convenience 
only; the second derived from geometry, and an extension of the 
method by which lines measured in opposite directions are repre- 
sented by letters with different signs. The first is wholly algebraical ; 
the second (for a reason which will afterwards appear) is an appli- 
cation of geometry to algebra. 

Let k be a symbol which does not stand for quantity, but for a 
distinction, in whatever way it may be required to distinguish ; that 
is, ka and a both stand for the same magnitude, but the first has the 
mark of either being used in a certain way, or appropriated for 
certain purposes, or liable to be rejected under certain circumstances, 
or whatever other distinction k may indicate. When two separated 
terms are multiplied together, as ka and kb, let the product be 
written k?a6, in which A? merely implies the presence, in a product, 
of two terms which had the mark of distinction. Similarly, À3a c is 
the distinction ofa product made up of three terms which had the 
distinction, and so on. Let k(a--b) be the distimction between 
a 4- b and ka -+ kb, and so on. We are at liberty to assign to k any 
discriminative power we please. Let it be as follows: k is to be a 
distinction which ceases altogether in terms marked with K*, k$, k!?, 
&c. or kín, and with A-4, k-8, k-12, &c. or k-4", and which is 
preserved in kř, A9, k", &c. k-3, k-7, k- H, &c. or in int! where 
n is any whole number positive or negative. And let K?, A5, k", Kc. 
k-?, k-6, k- 9, &c. be distinctions amounting to a change of sign 
in the terms denoted by them; so that if for k?a we write —a, the 
object of the distinction is fulfilled, and the term need no longer be 
distinguished. Let K9, k’, k!!, &c. or k-1, k-5, k-9, &c. imply both 
a change of sign and also the continuance of the distinction denoted 
by k; so that Pa means — ka. We have then defined every thing 
except k itself, by the following identities ; 


Á'"q means a, kt”tla means ka, 
hint? a means — a,  kí"*?g means — ka 


And thus every algebraical expression, when its distinctions are all 
H 2 
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marked, is reducible to the form P + k Q where P and Q are alge- 
braical. Thus, 


aQgy--Ga,R--a,R*-- .. means Ap—Agtayt+ +» +k(Q,—a3 +a5— kc.) 
Now k itself is to have meaning as follows: in the equation | 
PHRQ = PHRQ! 


let the presence of k indicate that equality will still remain as well 
between the parts independent of k, as between those affected by k. 
If we had merely P + Q = P’ + Q it would not at all follow that 
P = Q and P’ = Q’: but when we mean to make this additional 
supposition, let ùs signify the same by the presence of k. 

Now, it will be obvious upon looking from (70.) to (73.) that 
we have here only made a notation to erpress distinctions which 
have been actually arrived at by process of reasoning. We found 
a method of embodying all the results previously obtained, of this 


: 1 ; 
kind : 2cos0 cannot be x qd but if we work in any manner with 


1 1 
Pu and r — > and produce an equation, then that same equation 


will correspond to one or two true equations, if we work in precisely 
the same manner with 2cos0 and 2ksin0, and then let k have its 
discriminative powers. And we shall then find that the- result is 
the same as if 


2 cos nô had taken the place of x” + 3 and 2 ksinn 0 of xz" — - 


When none but even numbers of ks occur, it is obvious that 
the result can be only one, equation of the form P = P"; but 
when odd numbers of ks also occur, the result will be of the 
form P+kQ = P’+kQ’, giving two equations, P = P’, and 
Q = Q. 

(100.) Next, observe that the algebraical symbol 4/ —1, which 
is certainly no quantity, positive or negative, and therefore not to 
be reasoned upon as a quantity, yet has this property, that if those 
rules be applied which would have been applied had it been a quantity, 
the results will be expressive of the distinction denoted by k. For in 
that case we have l 


/ —1 is V=; (/—1)* is —1; (/ —1 is —/ —1; 
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(./—1)*is1; (/ —1y is / —1; (/ —1)° is —1; 
(v —1y is —/ —1; (./—1)* is 1. 
Again, 
(V =i)" is —V 21; (V. —1)* is 1; (V —1)7 is / —1, 
&c. from which the coincidence is apparent. Therefore, by making 
V/ —1 the symbol of the distinction meant by k,all the remaining 
distinctions will be drawn by applying the common rules of alzebra 
to y — 1 as if it were a quantity. 
When in (71.) we began to compare cos@ + ksin 0 with &6, we 


2 
were also, in fact, comparing it with 1 + k0 + je. 4 —— (if 
we apply the meaning of k) with 


eg e 6: 
I-$4 dett T 32:3.4.5 "use 


Now, if the method of proceeding be valid, which extends the 
distinctive property of k to the developement of ¢**, then 


: e i e 
cosd + ksin = | CUTE FAI T e) 


e 0i 05 
o csl = l—5ct 341773455 te 
i o e 07 
sind = 8—33 523.15 234567 tO 


(101.} We shall now go through a strict deduction of these equa- 
tions, which will shew that what we have done would, had we seen 
how, itself have been one. It is evident that 


which amounts to 


cos0 + ksin0 = cos0 + k sin0 
T dl f cos@ = cos0, sin@ = sinO 


Square both sides, which gives 


(cos0 + ksin)? = cos!0 + k.2sin0.cos 0 + A*sinf0 
= cos*0 — sin? + k.2sinQ.cos0 = cos20-- ksin20 


Generally, if cosn0 + k .sinnð = (cos 0 + k sin 0)” 


x (cos@ + ksin0) and cosn0.cos0 les cosn@.sin@ — 
+ k?sinn@.sin@ Peeper = (cos0 + ksin 0)" 
or . cos(n 4- 1)0 + k .sin(n + 1)0 = (cos0 + ksin0ja*1 


So that this relation, if true for one whole value of n, is true for the 
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next.. But it is true for n = 1 and n = 2, therefore it is true for 
all. This is called De Moivre’s Theorem. 

Develope the second side, substitute the meanings. of k?, k’, &c., 
and form the two fesulting equations, which will be found to be - 


—1 


NN. n—1 n—2 n—3 
cos à = n n 2 ehe pn. ——— 


2. 3 4 
n —1n—2 n—3 n—4 
2 3 4 5 


where c means cos9@, and s, sin@. . Divide both sides by c^, and put 


n—1 n—2 


CP -3 63 4 7 


sin x ô = ne"-“!g—n7 


c ; iis —1 
t (tan0) for =; at the same time divide and multiply n, n- 27 &c. 


by a power of n of the same number of factors, which gives 


0 1 1 2 3 4 
cosn = n Q A n n 4. 
= = l "C wu duce n (nt) 
: 1 2 01, 2, 3 4 
sinn n n 3 Ta n n hn 5 
pu ee c UM pus c oe eU 


which is true for all whole values of n, and all values of 0. Now, 
consider all those whole values of », and values of 0, which make 
n0 = x,a given angle: whence (Algebra, p.157.) the limits of the 
two sides of each of the preceding, made by increasing » without 
limit, will be equal. We proceed to find these limits. We have 


SN ee | l 1 2 3 | 
= cos = ) the limit of which (70.) is 1; VE &c. the 


T 
limits of which are severally 0; nt or n tan = Or z (tan? — =) 


the limit of which dy is x X 1, or T; and n0, which is x 
throughout. 


Take the limits of both sides, which give 


2? xt o» @ 
eer = 1 Po L4 &e | 
| 2 "m 2.9.4" the theorem in 
Ne ; i 
" T £ J 
sina = m e LIL——— &c. question 


2.9.4.5 
IIence we liave 


cos + Asing = 1-24 T MTM + HD 
= l— ko +t teL Fees 


if we abbreviate the preceding series into the formula of which it 


> 
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would be the algebraical developement, if k were a quantity. We 
shall now adopt the symbol V —1 for k, which gives (for all values 
of 0) 
cos + sino. V —1 = s^ -1 
For 0 write —0 (44.) cos0 — sin. —1 = € ds 
ge /—1.. g^ -—1 ins g^ -1. lV- 
: 2 n WHA 

that is, if we develope the preceding exponential expressions, paying 
attention to the difference of developement denoted by V —1, (/—1)* 
&c. we shall arrive at series which we have shewn to be the deve- 
lopements of sin@ and cos. E 

(102.) Some marks of distiriction are definition, and all the rest are 
consequences. Thus &4 has k a symbol of distinction ; but it does 
not mean k.e4, but cos@ + ksin@. And there are some results which 
when enunciated as if V —1 were a.quantity, are yet more incon- 
ceivable than less than nothing, in an arithmetical sense (Algebra, 
p. 62.) For instance, calling k0 the logarithm of e" 4 we have, 
making 0 = 2n, n being a whole number (cos0 = 1, sin@ = 0) 

gary- — ] log l = Ingy —1 l 

thus 1 has, under our present extension, an infinite number of'loga- 
rithms, corresponding to all whole values of n, positive and negative, 
namely, 


es —22/—]1, —zvV —l, 0, av —], De aly Ase: 
among which the arithmetical logarithm is found, namely, 0. Simi- 
larly we may deduce 


g?n*t)7/-1— —]1 log(—1) —(2n4 l)e / —I 
Let x be the arithmetical logarithm of y, then we have 


cosl = 


y = f= E xl = i erT — grt one ZI 


or all the values of r--2n«* —1 are also logarithms of y. The 
theorem loga -+ logb = logab now exists in this form: if any loga- 
rithm of a be added to any logarithm of 6, the sum is one of the 
logarithms of ab. Thus, if log.a stand for the arithmetical logarithm 
of a, and 2a for its general logarithm, we have 


Aa +b = logat+QenV¥ —l-rlogb --2«en' / —1] 
= log(ab) --2«(n + n) / —1 = aab 
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(103.) We can now give the forms of all the different roots of a. 
number, which was done to the fourth degree in p.113 of the Algebra. 
If we take the equation u 

] = d a cosQna + sinne y — 1 


1 n 
l = 2-94 -l INT . 9nT — 
we have (1)"— g" = cos—— -+ sin V — |] 


from which it might appear that there are as many mth roots of unity 
as there are whole values, positive and negative, of n. But it will be 
found that these values recur as we give to n different values in suc- 
cession ; as follows: 


: — , 
First root n = O First value of (1 )" is cos O + sin 0. V —l or l 


2 2 —ár- 
Second root 2 = 1 Second ........ .. cos — + sin —- y —1 
Mm 


Third root n — 2 Third eene ee 008 TI sin T L] 


mth root n = m — l ‘mth eseese ee COS 


DE cin DN 
m )A 


2m 


; 2 2 — 
The (m-+1)th value is cos dictas + sin —- 'M-—1 or cos 0 4- 


sin 0»/ — 1, the same as the first. The (m + v value is cos amtie + 


= sin AF Dr 1 or cos (27+ =") + sin (r+ = 3. 


m 
the same as the second, and so on. To find the twelfth roots, for 


instance, draw a circle, with the-centre O. Divide its circumference 


E 


2(m—1) 2% 


7A 
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into 12 equal parts, beginning at A, any given point. Then every 
point of subdivision shews a root as follows, If the radius be the 
linear unit, and if PM and MO represent the fractions of a linear 
unit which are in those lines; then, 


one value of (1)?2 is OM + PM.V—1L 


(104.) It may be very soon shewn, that if c +s /—1 be a root 
of unity, c — s V —1 is also a root. Firstly, because if $? V —1 be 
a root, or if 


gnz/-1 — ] we have (ens sar ia =-Il= (¢-2~-1) 


or, if cos z -- sinx. V —1 bea root, cos r — sin T /—1 is another. 
Secondly, in the preceding list of roots we see from 
M P g 


or cos A" — sin - TA — I the second being cos + pnt -4 — | 
m 


The same will also appear from consideration of the "s 


(105.) By proceeding in the same manner with zGn tT -I op 


—1, we find 
1 


(— |y" — co 


and, as before, it may be proved, that there are m roots, and no more. 
But the roots of —1 may be more easily set forth to the eye, by means 
of the roots of + 1, as follows. Every root of —1 is twice as high a 
root of +1; for if x^ = — 1, then 72» = t. Consequently, if we 
take all the twenty-fourth roots of unity, or divide the circle in last 
article into 24 parts, all those 24th roots of +1 which are not also 


Qna Um E a / —] 
m n 


12th roots, are 12th roots of —1. 


(106.): Let all roots of unity of the same order be called corre- 
sponding roots: thus there are m corresponding roots of +1 of the 
mth order. Then, all powers ofa root are corresponding roots. For if 
p™ = 1, then p2™ or (u2)" = 1, &c. And this holds equally of 
all negative whole powers. But it does not therefore follow that, 
among the powers of any one root, will be found all the other corre- 
sponding roots. 


2 : 2 i 2 —— 
or 24 — £7 that the last root is cos( — -)* sin n V —1 
m m m 
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Let us denote g** /=1 by [x] for the present. Then we have 
[nz] = [z], [zc 2p] = [x], [2p] = 


where n and p are whole numbers, positive or negative. The mth 
roots of unity are 


Opp HZ] H ee lS] 


Let us consider the case of m = 8. Then the powers of [0] are 
severally — [0], and never produce more than one root. The 
powers of [2 — 8] are as follows: 


DEJ- P9 C D P] 


or all the roots are produced in order. But the powers of H are 


s) s] 77» LE] [8] Li] e 


and there is a continual recurrence of half the roots only. The 


powers of E s | are 


[sb Us PL] = G] E -— 
Le] = 3) Le] = be) Le] = d 


E IE l, followed by recurrence. 


Here again are all the roots. "Those roots, whose powers give all the 
roots of their kind, are called primitive. It is enough for our present 
purpose to know that there is one primitive root of any order. 


(107.) The roots of +V —1 and —/—1 may be now obtained. 
For we have 


TATI DTE (2n-3)g VTI 


g 2 —XV—l]lzs E Mit em 


(me VE 


Lo m - 
(VZ 1)” — 2m l = s m 


which may, as before, be shewn to have m values only. 


P 
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To take an instance for verification: the cube roots of + V —1 


are 

coc + sine Saal costs since V —l cos + sinss VT 
1 Q | 1 MEE 1 5 1 ug u 1 

VÀ +5 e iagdoub 1-8 VT ev 1 

(148 + 14—Ty = i(8/349/—1-3V3- v1) - V1 


[^A SP as IT 


(108.) Having shewn that the rules which would apply to V =i 
if it could be considered as a quantity, will of themselves make all 
the necessary distinctions between the formule of common algebra, 
and the shape in which they become formule of trigonometry, we shall 
now proceed to the second method of explanation, or rather to the 
method of application, which shews the geometrical meaning of the 
symbols in question. As a starting point, we return again to the 
method of explanation of the negative sign. In looking at a + ( — b) 
we found that the sign + no longer preserved the meaning of 
arithmetical addition, while the quantity operated on, — b, was no 
longer simply a number, but a number with a sign of directior. 
We might apply the preceding method of explanation to the passage 
from arithmetic to algebra. In this case ka would signify a dis- 
tinction of this kind; terms having k?, kt, &c. are all to be of one 
kind, unmarked, while terms having k, K3, k’, &c. are all to be of 
another kind, marked with the distinction k. If we adopted this 
signification we should soon find that all theorems which are true 
when the distinction k means nothing, and may be entirely abolished, 
are also true when the distinction k means simply change of sign, 
if it be arithmetically allowable. And it would also be found that 
were it allowable to consider 0 —1 as a quantity, the rules which 
would apply to this latter symbol are precisely those by which the 
necessary distinctions would be drawn in the course ofthe process, 
without any particular attention. We might thus dispense with 
subtraction at the outset, and establish all theorems in which arith- 
metically additive terms only occur. And subtraction might be 
introduced in time by means of a distinctive symbol. We cannet 
make this an illustration for a beginner, because to place it on the 
same footing as the subject of (73.), we must require him to imagine 

I 
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himself divested of some of his most simple notions, and’ thereby 
reduced to learn things which now are axioms, by a long process of 
reasoning. He must conceive himself unable to form a distinct 
notion of subtraction, other than the inverse of addition; that is, 
though the notion of taking away that which he himself has just 
added may be simple, yet the idea of instituting a subtraction inde- 
pendently of any previously expressed addition, must be one to be 
learnt with some difficulty. If this were the case, we could make 
the use of a distinctive symbol facilitate the acquirement of the 
general operation of subtraction ; as it is, the last-mentioned process 
is one of which we have a clear idea, independently of addition. 

(109.) We found that the interpretation of a negative quantity was 
a magnitude taken in precisely the opposite sense and meaning to that 
which we imagined, when we applied arithmetical process to the 
determination of that magnitude. And the affairs of life contain so 
many such interpretations that the extension looks natural; so natural 
indeed, that many have drawn a great distinction between the nega- 
tive quantity, and the square root of the negative quantity. Of this 
the application of the term impossible to the latter symbol only, is 
a sufficient instance: both are impossible, according to arithmetical 
notions, but the latter only-has received the name. There is hardly 
a phenomenon in nature, or a relation of life, which does not admit 
ofthe modes of neutrality, excess on one side, or on the other. Where- 
ever there are two opposites, with a state between them which does 
not belong to either, we have the means of illustrating the terms, 
positive, nothing, aud negative. Without specifying what we are 
speaking of, it would at once be granted that where the establishment 
of one state of things would cause increase, that of the opposite state 
would cause diminution, and that of the neutral state neither increase 
nor diminution. Ifwe consider time as divided into before, after, and 
at; pecuniary relations divided into those of debtor, creditor, and 
neither debtor nor creditor; a balloon with weights, as either rising, 
sinking, and neither rising nor sinking; electricity as producing 
attraction, repulsion, or neither attraction nor repulsion, &c. &c. we 
have the same common modes of existence : and in all the cases we 
have mentioned, no others whatsoever. It is in considering space only 
that we have these modes, and others, as follows: 

(110.) As long as we consider ourselves at liberty to change the 
position of a point in a given straight line, and in that straight line 
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ouly, we have the three modes already considered, and no others. 
The point P may lie on one side or the other of a standard point O, 
given to measure from, or it may coincide with the point O. Let our 


R 


— —4$—— 


notion of space be contained in length, and we pass with perfect con- 
tinuity from P to Q, by continually diminishing OP, until P coin- 
cides with O, and then continuing the motion of P on the left. We 
have here perfect analogy with all the other kinds of quantity which 
we can conceive. Let O represent the commencement of the Christian 
era; take an inch to a year, and we have the means of making a table 
of all conceivable modes of time, and by laying down points corre- 
sponding to different events, we might reluce chronology to a science 
of feet and inches. But if we allow all space to enter the question, 
we may bring OP into the position OQ without diminishing its 
length, by turning it round through two right angles. And if we now 
consider the first passage from P to Q, relatively to the new notion 
we have introduced, we see direct discontinuity. The line O P always 
continues making an angle nothing* with its first position, until P 
coincides with O, when OP is not a line, and the idea of opening, 
actual or possible, ceases altogether: immediately afterwards, O P, 
now become O Q, makes two right angles, or half a revolution, with 
Its first position. But it might have made this at two steps of a right 
angle each, or at four of half a right angle each, &c. &c. Conse- 
quently, in geometry, we can pass from positive to negative by an 
infinite number of gradations, but which, as yet, we have no means 
of noting, though the conception is clearly attained. 

Now let us try to extend our notion of chronology in the same 
manner. Let O denote the commencement of the Christian era; let 
years A.C be measured to the left in inches, and A.D to the right. 


* The student must carefully distinguish between mo opening where 
opening might have been, and no opening because opening is inconceivable. 
And this distinction must be made throughout the mathematics. Our 
language wants a phrase to distinguish between the nonexistence which 


arises from incoherence of ideas, and that which is not, but might have 
been, the case. 
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We can easily say what point of time P represents, or where P should 
be in.order that it might represent any given event. But what is the 
answer to the question, What point of time does R denote? This 
question is wholly unanswerable. All the time we can form a notion 
of, is already expressed on one side or other of O; there remains no 
idea of time answering to the point R. We have no idea of time 
except quantity of duration: we have two ideas of a straight line, 
quantity of length, and direction. 

(111.) We see then, that in preparing an algebra for geometry, we 
are making one which will be more than we can apply to any thing 
else. But we shall carry on our geometrical algebra, and then shew 
that, by a process of pure reasoning, which contains no assailable 
point,* we can use this method in all other sciences. 

Let all lines be considered as having direction as well as magni- 
tude, and both essential to their definition ; so that two lines shall not 
be called equal, unless they be in fact equal and parallel. Lines of 
equal length in different directions are to have distinct symbols, and 
to be different things. Let there be only one direction of revolution 
(for the pres2nt), namely, from OA through OA’, a direction, OA, 


"ee «p WD ow GU @ ww c a: 


having been chosen which is to be permanently that of positive quan- 
tity, or that in which a line is to be expressed by its simple symbol 
aU, where U is the linear unit, and a the number of linear units, or 
(if the student think he comprehends the phrase) the symbol for the 
ratio of the line to the unit. Consequently, a line measured in the 
direction O A" has such a symbol as —aU, supposed to be already 
understood. Call OA .... the dine of arithmetic, which is part 


* When I say this, I mean that all the objections which have been 
made relatively to negative and impossible quantities in the usual sense, 
right or wrong, bave nothing to do with the reasoning which will be 


employed. 


> 
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of .... A'OA .... that of the algebra of positive and negative quan- 
tities. In this line the meaning of + and — is fired by all that has 
preceded in ordinary algebra; but as relates to lines not coinciding 
with OA or OA”, nothing must be conceived to have been yet laid 
down. The meaning of + and — remains to be determined, subject 
only to the law of extension, that all the limited meaning is to be con- 
tained in the extended meaning. The question to be determined is, 
what is the proper representation of the line OP, rU in length, and 
0 in direction, meaning that it makes an angle 0 with O A. 

Firstly, suppose 0 to be commensurable with two right angles, or 


that 00 — "T0 (m and n whole numbers) whence 2n0 = m.2. 


Let kr be the distinctive symbol which marks that rU makes an 
angle 0 with the arithmetical line; where k not being a symbol of 
quantity, neither is 0 that of an exponent, in the algebraical sense. 
Then it is evident that, by turning O P until it has revolved through 2 
times the angle 0, we bring OP into the position of a line making m 
sets of four right angles with O A, that is, we bring it into the direc- 
tion OA for the mth time. And because coincidence is restored after 
every revolution, we must have 


Ritima U signifying the same length and direction as ^r U 


erry eee ee NUN a.. U 
or XA'*?"*.U equals k'rU k "U = U 


for we have said, let lines be equal when they are the same in length 
and direction. 


If theu we want such a symbol as is capable of expressing the 
necessary distinctions, and which shall be pointed out by the rules of 


ordinary algebra, we must so assign k^ as that k^. x. kf... (2 n) = 


k** k?7....(m) = 1, which can be done by making k’ a 2nth root 


of 1, in the manner already laid down, where ^/— 1 is treated* as 
a quantity. If we ask which root of 1 is to be adopted, the answer 


* Let the student carefully note the difference between treating 
Vi asa quantity, when it has been proved that certain purposes of 
distinction are answered by so doing, and considering it as a quantity. 
In operations, tbis difference amounts to nothing, which is precisely the 
reason for which we adopt the method ; but in theory, the first method 
gives good reasoning ; the second gives only a part of it, logical deduction. 

I2 
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evidently is, that root which, when raised to the 2nth power, gives 
the unit at the end of its mth revolution, or exhibits it in the form 


cos2mm + sin2me , Nv/—1. That is, we must let 


Imr , 2mm Zi 


Ü 
b 10 e í jou M 
k be signified by cos 9 + sin xm 


(Be careful to remember that sin r V —1 means, not sin(z V —1) 
but (sin x). /—1). By De Moivre’s Theorem, 


2m 09 2n — 
(cos 3- + sin mT) = cos2m: + sintmr V —1 


a form of unity. 


Imr m 6. — 
= — m = 0; hence k is cos0 + sin0 V —1 


But = 
2n n 


Secondly, let 0 and m be incommensurable; the same notation 
must süll be preserved, extending to the symbol of quantity 0 all 
those considerations which have been heretofore introduced, in respect 
to the connexion of commensurables and incommensurables: The 
general result then is, 

T (cos0 + sino V—1) U signifies a line rU inclined at an 
anzle 0 to the arithmetical line. 

(112.) The meaning of the sign + before a term distinguished by 
A/ —1, is to be determined from the preceding. If OM = rU 
= is here correctly applied), and if M P equals in length y U (the 
limited definition of —), we find that the line is 


r4yNv—l; 


consequently, r + y V —1, or OM + MP / — 1, is the symbol for 
OP; whence we see that our:extension of meaning is as follows: 
whereas, in the arithmetical line, OM + MP (MP being carried 
forward on that line) would have been OP on that line, then 
OM + MPV—1, when MP is distinguished as being at right 
angles to OM, -still means OP. That “—1 is the distinction of 
perpendicularity, as —1 is of contrariety of direction, appears as 


follows: the unit perpendicular to OA is U (cos = + sin > V—1) 


or U / — 1; but more evidently from the consideration that if kU 
denote perpendicularity, k (KU) must denote motion through a right 
angle more, or A*U must denote —1.U. 


AND ON SQUARE ROOTS OF NEGATIVE QUANTITIES. 91 


(113.) Our extension is now complete: it is yet for us to see what 
extension the preceding makes in the remaining notions of algebra. 


1. What is k*r +k“. Let x and x be values of O M, and 


y V —1, and y V —1 those of MP for the lines just stated. Then 
we have 


k'r + k'r=r+r + (y +y 
Now, the general form x + y V —1 may be converted as follows: 
x + yv" —1 = VT? + y? (coso + sing V — 1) 
where tanü = Z, This follows from the treatment of J as a 


quantity; for if we assume 


rcosÜó = x rsin = y; then r = J x? + y? tang = 


Zz +yV—1 = rcosó + rsing/—l = V 22+ y (cos? + sind V — 1) 
Applying this to r + 2 + (y +) V —1, and making also 
t’ = r cos? y = r sinf, we find , 


V (a+r -r( T yy (s$ + sing V — 1), tan$ — zty 


M a* tpa tpa? +2 (xx! + yy) (ose + sing —1), or 
ker + hor’ = Vre +r? + 2rr cos(0 — 0) (cose + sing V —1) 
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= OQ(cosQOA + sinQOAV—1) since tanQOA = ae = 
yty, or the sum of OP and OP 'is OQ, the diagonal of the com- 


tpr 
pleted parallelogram, which ends at O. The difference of the two 
lines will be found in the same way to be 


r—zi --(y—y)V —l = Vre + 7'2—Qrr' cos (0—0) (cos! -- sing V — 1 
y 


pu LEE 
(where tan o =o 


= PP'(cosP'PA, + sin P'PA,V —1) 


= tan P’PA,) 


or the difference k^r — kr’ is PP’, the other diagonal. Let OP 
signify the line OP in length and direction. The way of settling the 
distinction between OP — OP’ and OP’ — OP, is as follows. 
The opposite of any line is found by merely changing the sign 
of r, if we allow 0 to remain the same. For the opposite of 
rcos@ + rsinOV —1 is r cos(0 + 7) + rsin(@ + n) —1 = 
(—r) (cos0 + sin V —1): that is, two opposite lines may be 
expressed, either by changing the sign of the symbol of length, or 
adding two right angles to that of direction. We see then that the 
opposite of r(cos@ + sin V —1) may either be defined as r at 
the angle 0 + c, or as —r at the angle 0. Now, to determine the 
proper interpretation of OP — OP’, since we are to have all alge- 
braical formule remain true, let us write it thus: OP + (—OP^, 
and add OP and —OP’, or OP and OT; the result is O V’. 
Similarly O P — OP = OP’ + (—OP) = OP’ + OW = OV. 
In truth, when we came to the first square root, namely, that which 
gave OQ, we should have ascertained that the sum was OQ and not 
OX. This must be, for the extended definitions are entirely to con- 
tain the limited ones. Let OP and OP’ revolve towards the arith- 
metical line, and it is finally OQ, which becomes their arithmetical 
sum, and not OX. 

(114.) The terms greater and less cannot have meaning as applied 
to lines defined in length and direction. We may have lines greater 
in length, or greater in direction, than others; but OP is not greater 
or less than O P". Watching this more narrowly, we see that we have 
defined eqval in a sense which only applies to lines in the same 
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direction; this limitation, for such it is, requires a corresponding 
limitation of the relative terms, greater and less. 
(115.) As to multiplication, we see that 


r(cos@ + sin / =l) x T (cos0 + sing V — 1) = 
TT (cos(0 + 6’) + sin(0 + 6) V —1) . 
or, in multiplication of r and r’, the result belongs to a line rz'U, 
with a direction, the sum of the directions of r and r/. Similarly, 


. r 
d belongs to a line -,U, at an angle 0 — @, and so on. We see then 
r' r 


that the angles of direction have the properties of logarithms rela- 
tively to the lines, which is also plainly shewn by (or, if not, is a 
confirmation of) 
r(cos@ + sind V — 1) = rM 
Taking this convenient abbreviation, we have a set of equations, 
as follows: 
bsi , 64-1 ,Q*-,FV)J-1 
Tt X T£ = TTE ; 


P771 ES pp d E an (e+ 8-9) oi 


gj: 71 x b 


(re^ m r” pli (rev) LV 


(116.) If we look at our first method of introducing VI, (99.) 
we see that the one just explained agrees with it, except in one impor- 
tant particular. That first method did not bind us to any meaning of 
the sign + and — before k, but left us, as we then might suppose, to 
imagine that P -+ kQ must be the same as P + Q, with a distinctive 
mark on Q, reserving it for future operations. But I did not notice 
at the time, wishing to avoid any generality which was not required 
by the subject, that the definition we assigned to k entirely destroyed 
all specific meaning for the sign + before k, though it continued 
that meaning in relations among the terms independent of k, or 
among those affected with it. For if we agree to mean by P+kQ 
= P’+ kQ an equivalent to laying down both that P = P’ and 
Q = Q’, the preceding relation remains equally true, whatever may be 
the meaning of 4- before k ; since identical operations performed upon 
equal quantities must give the same result. In applying the result 
to geometry, we find ourselves led to a more special meaning of k, 
for kQ means the line Q perpendicular to the arithmetical line. And 
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with it. we find a special meaning of + between a term without k 
and one with k, namely, the hypothenuse of a right-angled triangle. 
But still.the meaning of k remains in force, for, in the geome- . 
trical application, P = P’ and Q = Q’. By expressly defining two 
lines as equal which have both equal lengths and directions, we 
require also equal projections on both OA and OA’, as is readily 
proved from the accompanying figure. For, if MN and PQ have' 


the same length and direction, then KV = LX, and'GH = DE. 


But we have 
MN = KV + GHV -1I 


(117.) We have thus converted every theorem of algebra into one 
of geometry, not belonging to a class very useful at present, but, geo- 
metrically considered, of great complexity. And we have thus the 
satisfaction of putting upon every theorem of algebra a meaning which 
is as intelligible as an arithmetical operation, when the latter is as 
complicated ; and this on the supposition that every letter is a (till 


now) impossible binomial of the form x+y V —1. Thus, in 
a +b+c = c+b+pa = b +a +c, &c. we see the following theorem. 
If there be any number of straight lines meeting in a point, and if the’ 
conterminous diagonal of the parallelogram formed by any two be 
made one side of a new parallelogram, and a third line another; and 
if the conterminous diagonal of the last be similarly combined with a 
fourth line, and so on till all.the lines are exhausted ; then shall the last 
found diagonal be the same in magnitude and position, in what order 
soever the several lines were introduced. But theorems which are 
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algebraically very simple lead to problems of great complexity. To 
shew this we shall enunciate the geometrical theorem which answers to 


(a+b) = a+ 2ab+6* 


as an exercise for the student in the meaning of the extension. 

If there be two finite straight lines making angles with a third finite 
line on the same side, and all meeting in one point, and if we take 
the third proportional to the third line and each of the two first, and 
incline such third proportionals to the third line at angles twice as 
great as the first and second line; and if we also take the double of 
a fourth proportional to the third line and the two first and incline 
it to the third at an angle as great as the angles of the first and second 
together; and if we then take the conterminous diagonal of the 
parallelogram whose sides are the two third proportionals, and also 
the diagonal of the parallelogram which has the last- mentioned 
diagonal, and the double of the fourth proportional for its sides: then 
shall this last-mentioned diagonal be in length a third proportional to 
the third line and the diagonal of the parallelogram on the first two, 
and shall make, with the third line, an angle double of the angle 
made by the diagonal of the first two with the third. 

The student should construct some problems of this kind, both as 
an exercise in the meaning of the extensions, and the use of the 
instruments. 

(118.) I now pass to a question of much greater importance, 
namely, the use of the preceding extensions in reasoning. As a certain 
species of fallacy is called reasoning in a circle, I think the method 
I am going to describe might be called reasoning in a triangle; for, 
when there is an obstacle in one side, we pass from one end of it to 
the other over the other two, which we shall shew are free. To return 
to our illustration ; suppose a question involving times before and 
after a certain epoch to be given, and suppose that ordinary alge- 
braical reasoning, though it produce an answer positive or negative, 
does it by means of square roots of negative quantities fallaciously 
entering in the process. I say fallaciously (110.), because we cannot 
extend to our notions of duration those relations which answer to 
various directions of lines, except only, that if time before may be 
represented by a line north, time after may be represented by a line 
south. But a line east has no correlative in our notions of time. As 
long as we keep the notion of time, we must, so to speak, keep in 
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the algebraical line (111.) of positive and negative quantity. But 
let us proceed as follows. Whatever ratios exist between the given 
times are made to exist between the geometrical lines which represent 
them in....A”OA.... ; and if there be an answer to the question 
in time, there is an answer in the line A"OA to a given geometrical 
problem, corresponding to the given question. And, conversely, if 
there be in the line A"O A an answer to the geometrical question, 
namely, a line whose length has all the required ratios to the given 
lines, there must be a time whose ratio has all the required ratios to the 
given times ; for ratios are the same things whether they be of portions 
of duration or of length. We cannot reason on the problem throughout 
when the concrete magnitudes are times: for, by our supposition, 
modes of duration of which we cannot conceive the existence are 
introduced. But we can reason on the geometrical problem, because 
geometry can put an intelligible construction upon correlative modes 
which exist among lines in different directions. But the geometrical 
result when obtained, gives an answer to the problem upon the rela- 
tions of time; not depending upon the methods which gave the 
geometrical answer in any way, but upon a circumstance altogether 
different ; namely, that relations among lines, positive or negative, 
however obtained, have their correlative relations among times. That 
is to say, we may depend upon the results of general algebra, even 
when the concrete magnitudes under discussion are such as do not 
admit of the geometrical extension. But, if the geometrical problem 
give an answer which amounts to supposing a line OP not in the 
line of algebraical positives or negatives, then we know that the 
corresponding problems relative to such concretes as do not admit of 
the extension, are strictly impossible, and (as yet, at least) incon- 
ceivable in any sense whatsoever. The same reasoning applies if the 
given problem be upon abstract numbers, with this additional limit- 
ation, that the question is impossible unless the answer ofthe cor- 
responding geometrical problem lie upon the arithmetical line OA... 
We shall not in future consider it necessary to make any dis- 
tinction between “—1 and other symbols. Those equations in 
which it occurs are rationally true in the extended sense of the sym- 
bols, and those in which it does not occur are true in the ordinary 
algebraical sense; for, as seen, the extended and ordinary meanings 
coincide when the symbol V/ —1 is neither expressed nor implied. 


» 
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CHAPTER V. 


ON THE DISTINCTION OF PERIODIC QUANTITIES, AND 
PRELIMINARY CONSIDERATIONS ON THE INVERSION OF 
PERIODIC FUNCTIONS. 


(119.) Wz have, in the notion of continual revolution, an idea of 
quantity, the whole effect of which is represented by the angle which 
the - revolving line makes with the line of commencement; and in 
which, so far as position is concerned, or any ratios which depend upon 
position, it is indifferent whether the place which the line occupies 
be in the first, second, or any other revolution. If we were to say, 
let the angle 27 + 0 be the same angle as 0, we should then call an 
angle a periodic quantity ; but this notion would not be very accurate. 
Yet sin@, cos0, &c. are really periodic functions of 0, for as 0 increases 
they do not increase or decrease without end, but circulate in value 
through various changes, in such manner that what value soever any 
one has when 0 = a, it has the same for a+27, a+47,&c. It 
is usual to distinguish the primary functions of angles from magni- 
tudes which depend on lines, or other continually, increasing quan- 
tities, by the name of periodic quantities. 

(120.) The question of finding the double, treble, &c. of a quantity 
of revolution is not affected by the multiplicity of values which answer 
to that quantity, considered as the determiner of angular position. 
Thus m0, m (24-0), m(47+6), &c. are m0, 2 mz -- m0, 4m x 4-0, 
which all give the revolving line the same position as m0, when m is 
a whole number. But when m is a fraction, the case is altered. 
Suppose we ask, how many different quantities of revolution are 
there, each of which repeated 10 times, will leave the revolving line 
at an angle 0 with the primary line OA. This position may be 
obtained by the revolutions 0, 0+27, 0 -- 47, &c. consequently, 
the tenth part, or the solution necessary, is contained in the formula 


2m; 0 ZIR 0 " 
T OT 30^ ao + 10! the values of which are 


KR 
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0 r 0 2x 0 9r 0 
To? 5 tip ES "ug e YP to E T 1o 
after which there is only recurrence; for k + 2 IS 9 7 + =. If 


then, we were to set out with a problem involving the given angle 0, 
and the answer were, 


Ws 0 
the value required is cos 75 


there would, in fact, be ten answers; for 0 might at the outset have 
been called 2r 4- 0, or 47 +0, &c. ; and though these angles have 
equal cosines, their tenth parts have not. 

Thus, in the formula sin 0 = 2sin10.cos] 0, we see that 


»sinO is either 2sini0.cosl0 or 2sin(m- 10) cos(m + 40) 
the latter arising from writing 27+ for 0. And in 


cos 10 + ~ —1 sini0 = +/ cos + /—1 sing 


the second side has two values; aud so has the first side, its second 
value appearing by writing 27 +90 for 0. 

(121.) The actually periodic character of the series in (101.) is a 
point of interest, which it may be advisable to verify. An angle is ex- 
pressed in analytical units by an absolute number, and every number 
belongs to some quantity of revolution, 1 belonging to that which 
makes the arc and radius equal. And the remark in (63.) must be 
particularly attended to. No result yet obtained, which involves 
angles themselves, is true of degrees, minutes, and seconds, but only 
of analytical units. If we take a high number for 0, the formation 
ofa few terms will make the series appear very divergent; but we 
see that convergence must come, for, in the sine, we have 


0? 
1)t = ntl —— —X 
(n + 1)th term nth term x n(n Fi- 
And in the cosine 
i 2 
(n + 1)th term = nth term x aan 


So that, however great 0 may be, terms must arrive at which 
2n(2n +1) and (2n—1)2n bear as great a ratio as we please to 6%, 
or the (n + 1)th terms may be made parts as small as we please of 
the nth. And the terms being alternatively positive and negative, 
the magnitude of the latter kind will compensate that of the former, 


AND ON THE INVERSION OF PERIODIC PUNCTIONS. 99 


leaving a difference always less than unity, as should be the case 
from (36.). To shew this, we shall take some terms of the sine and 
cosine of the angle 10, something greater than 3z. We begin with 
10, and the process is continual multiplication by 10, and division by 
successive numbers. Let (n) mean 10^ divided by 1.2.3 .... n, 
then we have 


sinlQ = (1) — (3) + (5) — (7) + «>>. 
cosl10 = 1 —(2) + (4) — (6) + .... 


To pass from (n) to (n4- 1) we must multiply by 10 (move the 
decimal point one place to the right) and'divide by n 4-1. Togeta 
sine and cosine from this (at the bezinning) very diverging series, to 
a-single place of decimals, will require about 29 places of decimals 
to be considered in the first term. Let us begin with 


(1) = 100000 .... 29 ciphers 
(2) = 50000 .... 
(3) = 16666 .... &c. 


Proceeding in this way, and keeping two decimals from each term, 
we find as follows : 


(1) = 1000 (11) = 2505:21 (91) 2e —19:57 
(2) = 50:00 (12) = 2087:68 (22) = 8:90 
(3) = 166-67 (13) = 1605:90 (23) = — 3-87 
(4) = 41667 (14) = 1147-07 (24) = 161 
(5) = 833.33 | (15) = 76472 (25) = '64 , 
(6) = 1388-89 (16) = 477-95 (26) = 25 - 
(T) = 1984-13 (17) = 28115 (27) = -09 
(8) = 2480:16 (18) = -15619 (28) = *03 
(9) — 275573 (19 — 8221 (29) — 01 
(10) = 275573 (20) = 41°10 


Hence, (1) +(5)+(9)+ .... up to (29) = 550633 = A 
(3)+(7) +(11) + .... up to (27) = 5506:90 = B 
sintO = A—B nearly = —:57 
1 +(4)+ (8) + .... up to (28) = 550620 = C 
(2) + (6) + (10) + .... up to (26) = 550703 = D 
cos10 = C—D nearly = —°83 
10 = 35 +°58 nearly, or cos10 = — cos:58 sin10 = —sin‘58 
980 = °58 x 57°31° = 33:23 nearly in degrees. 
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And from the tables sin55°3 == '54, cos55°} = -:84, whence the 
first decimal is right, as we proposed. We have thus shewn how to 
verify the actual coincidence of the series with the. sine and cosine 
of the tables. . 

(122.) When an operation is performed successively upon a quan- 
tity and its results, if we denote the operation by f, the results of the 
repeated operations may be denoted by ff, fff, &c., which may 
be abbreviated into f°, f’, &c. So that suppose x the quantity 
operated upon, and 24+ 1 the operation to be performed (that 
is, let f represent a direction to double, and then add one), we have 


fix = {2 (2x +1)+1} +1 = 8r-7, &c. 
The convenience of this notation consists in the analogy which 


exists between the indices of f and algebraical exponents. Thus 
we have 


fifa = fru = 2[2{2(224+1) +1} 41] +1; 
the only difference being, that in f? f? we consider the preceding as 
having all between {} first finished, which total operation is then 
repeated ; and in ftx we consider all the operations as separate. But 


both results, when ‘developed, are, in fact, ffffx. To preserve the 
same equation, we must let f°x signify x, in order that 


ff ^x may be f!*?z, or fia, or fa; 


and the meaning of f Tig may thus be given. Let it be such that 


the equation ft” = f™(f”xr) still exists, and we must then 


have 
ffx = fi = fx — 2; 


or foe means the inverse of x, the function whose effect is reversed 
or undone by f; so that if f^! be first performed upon z, and then 
f, the latter restores x again. Thus, if fx be x, a “ly is Wrz, 
because f/f ^ !x or (Wx)? is z. 

Since f"*"x is either f" f^z, or f^ f" x, to preserve this equa- 
| tion, we should stipulate that f ^ lf should be the same as TIF i 
or that we should only allow functions satisfying this condition to be 
called f -ly, Thus in z? and V T) we see that we have 


(V x) = x, and, changing order of operation, NV = x. 


» 
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But if we take —Vz for f ^!z, Jz being x°, we find 
(= vr). = 1, — J x? = —T, Jy eo not being = 


To elucidate this point, we must observé that, in algebra, direct 
operations, which produce but one value out of one value, are gene- 
rally accompanied by inverses which produce more values than one; 

addition and multiplication only excepted. What do we mean bya 

square root? The expression, which squared, gives the original. 
This, with regard to z?, answers both to r and —r. But if we had 
been considering z? as an operation to be repeated, giving (1*?, &c. 
and had from thence, in the preceding manner, deduced an idea of 
an inverse operation, we should have found that if 


fx = 2°, and if f/f ^! x and f^ !fz, are both to be = 2, 


we can only admit f-1r = Vz, and not f-1r — —«/z. But because 
it has been customary in algebra to admit all functions to the name 
of inverses of f, which satisfy ff ^!x = x, without inquiring whether 
they satisfy / !fz = z, we must here adopt the name, but with a 
distinction of notation. Let those forms be called convertible inverse 
functions of f, and be denoted by f^, which satisfy both Sf E t 
and f !fz = zr. And let those forms be called inconvertible inverse 
functions of f, and be denoted by f. , z, which satisfy only ff ,r—zr, 
and not f ,fr = z. Thus, when fr = 22, f^! x = Nr, f. ídem 
— Mz. But it is right to warn the student that, in other works, 
f and f. j are not distinguished. 


(123.) Let us now turn to cosr. What is its inverse function ? 
Let cosr be denoted by fr; then 


vai, = ae V 1— cosg  —] MR Vl—(fzyg Vv 


(as in my Algebra, p. 123, I always mean by Vr the positive square 

root, and by 1? the general form, either positive or negative). This is 

true only for angles less than r (of all in the first revolution); for if 
- x be greater than z, we must have 


g* ~l = cost + sinz V —], 


and the second term (44.) is negative; 
l l K 2 
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whence e? vai = fx + J] — (fx) V —], 
` (x between 0 and r, 27 and 37, &c.) * 
s? Y-I = fe — [v 1— (frf ~v —l, 


(x between r and 27,37 and 4m, &c.) 


both included in gz^/—1 = fa + (1— (fay)? J/ —]1, 
(for all values of z.) 


Now, if for x we write z--2n-, fx remains as before, and so 


does g^ 7l: we have then every possible form of the preceding 


equation in 


Sr eomm LT o fc 2ns) (E —( fis Ts .. 


all values of n. But beforé we proceed a step further, we have an 
important remark to make, the neglect of which for a long time 
embarassed this subject. 

(124.) Identity of form means positive and absolute identity in 
every respect. We see it in 


X= XH, L+aA=—X+A, CosL = cose. 
Identity of value includes all other cases in which the sign = 


applies. We see it in 


x = xXL+a—a, (b—a)? = (a—bye, cos(z-- 2) = cose. 


All operations, general or limited, performed upon identities of 


form, produce the same results. We see this in 


J x = / x as well as x — 2 


This proposition is only worth stating as a contradictory of the next. 


Limited operations performed upon identities of value with differ- 
ences of form, do not necessarily produce the same results. Thus, 


(b—a)? = (a— b)? does not give V (b—ay = v (a—by, 
Or b—a = aA — b, 
but it does give I (b — ay! — ia — by, 


that is, every value of the first side is a value of the second side, but not 


(A) 


in which there is identity of value in both sides of the equation for f 
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at our pleasure. It is V x on the first side, which is equal to the 
—vV z of the second, and vice versd: if we attempt to displace this 
arrangement, and make Vr of the first side equal to V zr of the 
second, we have no longer an identity, but an equation of condition 
(Algebra, p. ix.), for then b—a = a— b, or a = b. 

(125.) Conversely, when we find that an operation performed upon 
both sides of an identity of value gives different results, it will be most 
judicious, before proceeding further, to examine first the operation in 
question, to see whether it be not a limited case of a more general 
operation. And we see that an algebraical equation, of which the 
sides admit of different values, such as arises from performing a 
general operation upon a general form, may be considered as an 
ambiguity of this form, 


A, or Ao, or Az... = B, or Bo, or B}... 


in which, though we know that A, has its equal on the other side, 
we have no right to say that it is B,, for it may be any other. And 
the same of A,, &c. And all we know as yet, and indeed all we 
shall find, will shew us that, in operations conducted in all their 
generality, there will be complete identity of this kind: every value 
of the first side will have its value on the other. We shall not have 
A, and A, both equal to B,, and B, left without a value. 

As long as our inversions only involved the production of two 
values, as in the square root, or of three, as in the cube root, there 
was little need to embarrass the subject by general ideas upon inver- 
sion: each case was the best index to its own peculiarities. But 
now, when the simplest cases we have to consider give infinite num- 
bers of inversions (seeing, for example, that though an angle has but 
one cosine, a cosine has an infinite number of angles), we must 
watch our processes very narrowly.. By trusting to limited notions 
of inversion, many errors liave been introduced, some of which we 
shall point out in the sequel. 

Returning to equation A, we must first find the arithmetical 
logarithm ofthe second side. We shall need some considerations, 
which the student will read with the more attention, when he knows 
that he is thus in reality entering upon a most essential part of his 
future studies, namely, the Differential and Integral Calculus. 
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CHAPTER VI. 


NOTIONS OF THE DIFFERENTIAL AND INTEGRAL CALCULUS, 
SUCH AS WILL BE REQUISITE IN THE SUCCEEDING 
CHAPTERS. 


(126.) Ler any function of x, fz, have a certain value given to a, 
namely, a. Then let x have the value a -- given to it, and let the 
difference of the resulting.values ofthe function be taken, namely, 
F(a+h)—fa. Instances: 


gth — £^, sin(a +h) —sina, (a + A} — a. 


This difference, if the function be continuous (Algebra, p. 102), is one 
which diminishes without limit at the same time as ^. When the 


fraction IR (Algebra, p. 156) has a finite limit, let it be 
called the derived function of fx, for the value r= a. Or, in 
general, let the limit of fer: wear cd made by diminishing A 
without limit, be styled the derived function of fx, if it be a rational 
and continuous function of r. Let it be denoted by D, that is, 
Limit (if there be one) of IE ETT = Dfz. 
For example (Algebra, p. 225), 


p a e —1 


EP am are ee 


Therefore (Algebra, p. 157.) Dg = £ 


— = sing sort + cos a Sn and by (46,47.) 


Dsinz = sing x 0 + cosx x 1 = cosx 


, — h — 1 | 
cos FI) 6092 — cose SEETI _ sing A (46, 47.) 
l 


Deosz = cosx x 0 — sing x 1 = — singz 


5 


> 
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(127.) Now precisely the same results are obtained if we use 


JG 8) — fr +4) 
h—k |] 


and diminish A and k without limit. For instance, 


sin(z--A)—sin(r--k) _ . | cosh—cosk sinh — sin k 
MEE OO IDE = snyz———k Tcor—,—ko 


sing x ee — ELIT b= Hoos (A +k) 


sin 3 (h — k) 
à (h — k) 


sin 4 (h — k) + cosx .cos d (A +h) 


— sin zsin 1 (Å + Å) 1 — Àj 


the limit of which, diminishing A and k without limit, is as already 
obtained, 


= sinr x O x 1 + cosr x 1 x 1, or cosz, that is, Dsinz. 


Let the student try the other instances in a similar manner. 


= (128.) Tueore{. Required the relation which must exist between 
two functions which have the same derived function. 

Let the derived function in question be P, and let Q and R be 
two functions, of both of which the derived function is P. Let 
R = Q + T, T being the difference of Q and R; and when r is 
"made r + hk, let R’, Q’, and T’ be the values of the three, whence, 
since R = Q + T is supposed to be an identical equation, we 
must have it true for all forms of r, and therefore we must have 
R' = Q' + T’; whence 

R—R Q—Q E, T —T 


h h hc 


Take the limits of both sides (Algebra, p. 156), diminishing A without 
limit, and we have 


DR=DQ+DT, or DT —0, 


because DR = DQ = P. Consequently T must bea function, 
whose derived function is nothing for all values of r. Now let 
T(r) denote this function, where we make T the symbol of the 
functional operation, and express the quantity r, because we wish to 
express different values of it. Then let us suppose 
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CT À)— T(a) = 
T(x +2A)—T(z + h) = 
"n +3h)—T(a2+2h) = 


T(x +n—1lh)—T(a2+n—2h) = Va 
T (a TtnÁ)—T(z—n— l4) = V 
And by addition, T(a+nh)—Ts = Vit Ver ——— 


Now, let us diminish A without limit, increasing n at the same 
time in such manner that nA shall be always equal to a quantity 
fixed in value, but what we please (keep this in mind), and called 
y. (See the process in (101.)). By the nature of this derived 


NV V CRT — 
function, T> S .... must all diminish without limit with A, for that 


‘is implied in the limit of these fractions (which are values of the 
derived function) being always = 0. Consequently, each of V,, V3, 
&c. can be made as small a part as we please of h, and V,+V,+ .. 

. T- Va as small a part as we please of nh, which is always y, or 
the sum preceding can be made as small a part as we please ofa 
finite quantity, € e. diminishes without limit. Hence, T(x -- y) —T(y) 
a quantity independent of h, diminishes without limit with À, which 
is absurd ; for, not containing A at all, or any quantity whose value 
depends on A, it is the same whatever h may be. Whence does this 
absurd conclusion arise? Not from the reasoning, but from the 
initial supposition, namely, T (x 4- ^) — T(x), &c. are quantities 
depending on A. If they depend on A at all, all the preceding rea- 
soning follows, and the inadmissible conclusion. "The truth must be, 
then, that T (x+h) —T:(z) is not a function of ^ at all. Neither then, 
does {T(r +A) — T(z)] 4- T(z) contain h, for we have not added a 
function of h. "That is, T(x + ^) is not a function of h; that is, T(x) is 
not a function of r. For, if it were, À would be found in T(x + A). 
Therefore T(r), supposed to be a function of zr, and, therefore so 
expressed, turns out to be a quantity. independent of z. Such a 
quantity is called a constant with respect to z. Hence the conclusion 
is, that if Q and R have the same derived function P, then Q can 
only differ from R by a constant quantity. 

To verify the positive part of the conclusion, suppose fr = Fr +C, 
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C not changing when r changes. Then f(r +h) = FE.(x-F^)-FC, 
and l 
fa +h fr _ F@+h)—FO) 
h n ; h 


consequently the limits (A diminishing) are the same, or D fr = DFz. 


(129.) Tu EOREM. If ox be the derived function of fx, then the derived 


function of Soi any EM of fs satisfying ff ,r = 7, is y 
co fa tN—far | faetO—fis faüGk)-far 
h r+h—r She +4) —ff aur 


=] divided by Sf- tA) —ff 
JG tA Saa 
Let f. ,z = y, f(t +4) = y +k; then k and A- diminish 


without limit together. Substitution gives 


S- tA) —f ur — ] divided by FO = Dc 


~ h 
Let A diminish without limit, in which case k does the same, and 
we have 
1 1 
Df. ,z = l divided by D = — = : 
J. : y fy PY eC f_12) 
For instance, let fr = r*, f ,r — — vr 
i 1 1 
= 1 1 1 
D(—^ = ———— = ———25 = — = 
Let fr = sinx, then we make fx = an angle whose sine is zx. 
1 1 
Dfx = cosx = gx ae es 
Die = D(ER m) i ae es i 
l sine = ọ (ang. wh. sine is r) cos (angle, &c.) 
: 1 1 


cos (angle whose cosine is (1 — 13} ) g (1—3? 
The ambiguity of the sign is a subject to be hereafter considered; 


when actual application takes place, it depends upon the following 
proposition. 
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(130.) D fz. is positive for all values of z, at which, when z in- 
creases or diminishes, fx does the same; and negative when fr dimi- 
nishes by increase of w, or increases by diminution of z. We must 
suppose in this proposition, that the increments or decrements may be 
as small as we please; and the general algebraical mtaning of increase 
and decrease is contemplated. Its converse is also true. 

Firstly, let f(x + h) be greater than fz, for any value of A, 
however small;: that is (Algebra, p. 63.) let f(r ++h)—/far be 
positive. Then, À being positive, we have.( f z-4-h—fz)-his 
always positive, and its limit D f must be positive. Conversely, let 
D fxr be positive, then there are values of A which are so small, that 
f(x --h)—fx must be positive. For if we make 


aaa = Dfx +H, 


then H must be an expression which diminishes without limit with h. 
The latter can then be taken so small, that D fx +H shall have the 
sign of Dfx, that is, shall be positive; that is, A being positive, 
h(Dfz--H) shall be positive, or f(x +h) greater than f. 

The otber cases of the direct and converse proposition can easily 
be established in the same way. 

(131.) Let x increase from —a to +a, where a may be as great as 
we please, so that we thus suppose a variation of x between any limits 
of magnitude which it may be necessary to consider. We abbreviate 
all this into: Let z increase from — « to +œ : then the preceding 
shews, that whenever (x increasing) D fx changes from + to —, the 
function ceases increasing, and begins decreasing, and vice versá. 

Apply this theorem to Dsinz = cosz, and shew that the sign 
of the cosine corresponds to the current method of variation of the 
sine in the manner described in the theorem. 

The following theorems may be established by the direct process 
in (126.). Symbols not containing zr, are supposed independent of x. 


If px = afz, Dex = aDfx 
If ex = afiz + bfx — cfzx, Dox = aDfix -6Dfoax —cDfoe 


m —1 


Da” = limit of 3-027 —7" — limit (mam! m T amt sss.) 


(Algebra, p. 217), or Dz” = mz"-!. 


» 


t 


<a 
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Dz* =?zx, Dx = 32°, Dr = 4273, Dr~! = —z7?,&c. 


Dr = limit of LE or limit of 1. But 1 being in- 


variable, as À diminishes without limit, it remains the same, or 
Dr=1. Similarly Dar =a, D(ar +b) = a. 


D(a) + dı T -+ ds 2* + T = Qi + lao T -+ 3342? + sees 


This being universally true, we may write a, for 2a,, a, for 3a, 
&c. which gives 


* x 
D (a; + ar + ae = + 435 + M = dı t d5X + UT? + &c. 


(132.) We have hardly thought it necessary to state that if two 
functions be always the same in value, their derived functions must 
be the same in value. But (124.) we must not take a limited form 
of one, and equate its derived function to that of a limited form of the 
other, without first ascertaining that our limited forms are really 
equals. 

The derived function of a function of a function of.r is thus 


found. ' 
Let us suppose ¢( fr). Let f(x +A) = fr +H; then we have 


gor) Em 9/7 .. limit of hala mi LE E 


— limit of 
Defz = li 


= limit of $7 ED AST y timit or f Gr E 1) — f 

H h 
Now A and H diminish without limit together, and the first limit 
would be Dgz, but that fx is in the place of z. It is, therefore, 
what D $z becomes when fz is written for z. The second limit is 
Dfr; whence 


with x afterwards 
Dofz Dez changed sate fed a Dfe 


Thus Dcosmz = -—sinz(z changed into m x) x Dmz 
(131.) = —sinmrxm 
D sin(x) = cosx (change z into 15) x Da? 
= cos z^ X 32*; and so on. 


e n 1 war: m 1 h 
(133.) Dlogz is limit of z (log 7+4 — log x) ; or of zlog(1 4-5), 


L 
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1 fh h? : 1 h 
or ot: (S — 25,4...) (Algebra, p. 226) ; or of-— gat: 


that 1S, ; : 
1 
Dlgz = : Dlogfz — E x Dfx 


We shall now be able to proceed with the expression of the 


- 


inverse trigonometrical functions, and with the extension -of what has 
been already done with the direct functions. es NE 
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CHAPTER VII. 


CONTINUATION OF THE CONNEXION OF DIRECT AND INVERSE 
TRIGONOMETRICAL FUNCTIONS. 


(134.) By 'sin^!z, cos! x, tan~'r, we mean in analogy with (122.) 
the angles which have x for their sine, or cosine, or tangent, when we 
have both sin(sin"!r) = zr, and sin"! (sinz) = x. That is, of all 
the possible angles contained in such a formula as 9 + 2m, and 


having the same sine, there is one specific angle which is denoted by 
sin^!z, answering to the convertible inverse f ^! r. But all other 
angles contained in the same formula will be denoted by sin, ,r, 
answering to the inconvertible inverses denoted generally by f^ ,r. 


Whatever a sine, or a tangent, may be in value, there is an angle 
. r T A ] 
lying between — ^i and + 3? 0 which that sine or tangent belongs. 


Not so with the cosines, all of which are positive between those 
limits. But all cosines are found to belong to angles between O and 
m. Let the fundamental angles to which any given primary func- 
tion is attached, be chosen between those limits. For instance, by 


sin~!(—4), is meant =z; but we have 


sin ,(—1) = — -= + 2m7, or vr— (—= + 2m-) 


R 

6 
that i E 
is € 


+ (2m-1)« 

We find, in fact, the following general equations: 
sinaiz = sinr + 2mc or +(2m + l)r— sinr 
cos ,Z = cos!xr + 2mr or + 2m« —cos^!r 
anr = tanclr-- 2mr or tan^!z - (2m +l)r 


These are, in fact, but a combination of the propositions tbat there 
are in the first revolution two distinct angles, having the same sine, 
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cosine, or tangent, and that any number of revolutions added or 
subtracted, does not alter the sine, cosine, or tangent. 
(135.) We have shewn — that 


 Dsin7 == (1 — x), 4 


but which sign we should take has not been determined. If we 
consider that while x increases from —1 to +1, the anple increases 


from — z to 4- — g We see (130.) that the positive sign must be 


chosen, or that we have 
'Dsin^!z = the positive value of (1 — 22)73. 
Expand this by tue pcm theorem, ae gives 


Ln 


Dsin -1g = T +- p E "PN rem 


a series which (in common with all others of the kind derived from 
the binomial theorem, Algebra, p. 210) is convergent when x? « 1, 
or when zr lies between +1 and — 1, that is, in every case we 
propose to apply it to. And d (131.) we have 
; l 1.3 25 1.3.5 2 ) 
-1 j —— — Nee ee ae en ee o. 

Dsin7!z = D(x +22 2:5 555 oe aen 
But (128.) two expressions which have equal derived functions, can 
only differ by a quantity independent of zr, whence we have 


zu ( 13? 1.3 25 
in 71 — PM ee ae as ee o ooo 
: ee A te aa ge 


where C is as yet undetermined. We find it thus: since it is 
independent of z, whatever value it has for one value of x, it has the 
same for all. - Let then z = 0 (read carefully Algebra, p.189.) The 


only angle between — 5 and + A which has O for sine, is O, 


and the preceding then becomes 0 = C +0, or C = 0. Thatis, 


Nn. i 1 2 1.3 2? 1.3.5 27 
-—] —— Deng e — am — À——XÀ 9 eeee 
ma g= rtt +745 T 24.07 T 


Now, the only angle between O and m which has x for cosine, is 


NIE 


— sin 71r, so that we have 


cos ^! -—€—Ó x 
ED 
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which is the same result as we should obtain by going through the 
same process from the beginning, as we now proceed to do. 


(136.) Returning to (129.), let fr = cos x, then Df r or gr = 
— sin 7; therefore, 


1 1 
D cos “iz = — ————— = — —— 
sin (cos 71 r) (1—22 
where the sign is undetermined ; but as x diminishes from + 1 to 


-1 


— 1, while cos" x increases from O to x (the limits (134.) between 


. e : : " sl 
which it is contained), we must take a negative sign for D cos" r, or 
a positive sign for (1—.r?)*. We have, therefore, by the same steps 
as before, 


Dcos-!z = -(1 +- 5a Tig c) 


1 1.3 
or cos! xy = C — 1 Q1 ew 1t 


and C may be determined, as before, by making r = 0, which gives 
cos710 = C. But between the limits of definition, 5 is the only 


angle of which the cosine is 0, and we have, therefore, 
cost zy = = — T — =- 1? — ——> q’ — .... as before. 


. (137.) But we must now avoid all appearance of an unusual 
degree of caution without any particular reason shewn, by further 
examination of the proposition in (128.), namely, that if Do x = 
DfT, then $ z — f zr must be a constant independent of x. That 
demonstration, conducted by reducing o r — fr = T r;a real function 
of x, to an absurdity, supposed throughout that D T z presented, be- 
tween Tr and T(r + y), no peculiarities which would remove it out 
of ordinary rules, r and y being specific quantities: and also that 
D (o r — fr),or Dor — D fr, fulfilled the same condition. But 
there may happen cases in which 9 (x + k) — 9 x, or JG +h) — fr, 
do not diminish without limit when A diminishes without limit, or at 
least do not exhibit a form which will entitle us to draw that conclusion 


Te eo 1 
without further examination. If, for instance, ór = -,and r = O, 
I 


: : 1 ] 
x+h = h, we can apply no conclusion of ordinary algebra to j 99 
when A diminishes without limit. We might investigate a large 


L 2 
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number of cases, but we shall confine ourselves to one, namely, that 
in which either of the derived functions becomes infinite. And first, 
having shewn that so long as there are derived. functions D ox 
and D f», within the sense of the definition, we must arrive at 
T(r4-y) = Tz, or Tx is independent of x; we may assume 9 (s) 
= fx + (the same constant from x = a to z = b) provided that 
between these limits D$» and Dfz are finite; if, therefore, a 
change take place in the value of the constant, it must be at the 
point which our reasoning does not include. For example, let 
D f'x be finite and intelligible from 2 =a to x = b, and also from 
t = b+ k to x = c: but between r = b and x = b +k let there 
be a value which makes' D fr = œ. We know, then, that if 
D ọx = Dfr, 
f (C,tobedetermined,but 
of one value between 
i those values of x). 
from x = b + k to x = c, px = fg (C, ditto ditto). 


Are we at liberty to say that C, must be C? Certainly not: for 
if we attempt to reason by the process in (128.), from x = a to x = c, 
we include the case about which we can draw no conclusion, where 
D fx = o, and where it is by no means evident that V,+V,+.... 
+Vn (in that article) will diminish without limit. We cannot shew, 
nor is it always true, that when D f« is infinite, a change takes place 
in the constant; but we have shewn the converse, namely, that if a 
change do take place in the constant, it must be when D f'z under- 
goes some remarkable change of algebraical condition, either passing 
through infinity, becoming impossible, or the like. Let us suppose 
ourselves at a point at which the change of value takes place, and let 
it be when z = ¢. Then, when x is ¢—A, the function in question is. . 
represented by f(¢—h) + C, but when z = ¢-+A, by f'(t 4- 4) 4- C,. 

Hence, calling "T. the general form of the function, 


e(t + 1) et — h) = f(t 4) — ft h) + C,— C. 


from z = q to x = b, px = fe +. 


Now, in cases where Do x and Dfw are finite for » = t, 
e G9 UT M ang LELEDZETT, will (127), by dimi- 


nishing A without limit, give the Nem functions of gx and fr; and 
from the preceding it appears, that the difference of those derived 
functions will be the limit of C' — C) — h, or infinite. But the 


> 
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difference of two finite quantities cannot be infinite; whence we may 
conclude, that Dex and D f are not both finite, and as they are 
always equal, both will increase without limit together. 

(138.) The preceding results (135.) may be immediately made to 
confirm this conjectural reasoning, for it is hardly more: we see that 


R T 
from r = u to r = To» we have 


which, when r = 1, gives a slowly converging series for > But x 


never increases beyond 1, therefore this series can never represent 
T 

1 9? be- 
fonging to the supposition on which this series was deduced (135.), 
namely, that x and sin-!zr increase together. In fact, if we suppose 


x to vary from — 1 to +1, sin-lz then increasing, we shall find that 


27 --sin !xz, which is the first value of sin ,zr greater than 


RS ^ T . 7 

sin! x varies from —- to +- 

2 2 

` . —-1 . 37 57 
27+ sin7!xz varies from to a 


2mz+sin7'z varie from (1m— PE to (4m + 1); 


so that the general value of sia, ,r (when x and sin-!r increase 
together) is as follows. "That value which lies between 47 — 1 and 
4m +1 right angles, is 


+ — 


3 2.4 


x? 1.3 D 
ae ee 
Ə 


1 
2mz Tcr 2 

for all values of m, positive and negative. 
Similarly, the value of cos ,z, which lies between 4m and 


4m-+ 2 right angles (which includes the cases where cos-! x decreases 
as r Increases, as in (136.)) is 
— T —— 


im 41) 2 laf 

( + 23 2.4 5 

And at the points where the constant changes r is +1, or — 1, and 
Dsin, ,r, and Dcos ,r (129.) become infinite. In a note at the 


end of the work we shall collect the various cases, including the 


change in the form of the series itself, arising from the change of 
sign in the differential ccefficients. 


T 1 2 1.3 P 
2 


— | 
T 
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(139.) We have now to consider tanx and tan, ,r. The deve- 
lopement of the former in a series of powers of z is of little conse- 
quence as a result; but the methods by which it will here be obtained 
are important in other and more useful deductions. 


THEOREM. A function of 1, Which is unaltered by changing the 
sign of x, or which satisfies the equation gr = $(— x), cannot be 
expanded in a series of even and odd powers of r, but can only be 
expanded in even powers: and a function which is changed in sign : 
only, and not in numerical value, by changing the sign of r, or 
which satisfies the equation ¢(—7r) = — ¢ (x), can only be expanded 
in odd powers of x. 


Let pr = ao +a, £ bd, a? + az X? + a, a* + 
Then 9(—2) = do — 41 T + Q X — Qz T + d4 Ttc «+> 
If 9 (x) = ¢(—«), addition and division by 2 gives 
OL = do tagt? +a, xt eee 
If o(— 27) = — $2, subtraction and division by 2 gives 
ex = A£ + az + az 2+ ee 
In the first case, then, 42 4- as à? 4- -- = Q or (Algebra, p. 188) 
a,—0 a@a, = 0 &c. 
In the second ease; do + Ao X9 4p... = QO or (Algebra, p. 188) 
Gy =O ag =Q &e. 


(140.) The derived function of tanz is 


or 1+ tan?r; 


os? 
for (56.) 
tan(r+h)—tanr  sin(r+h—vr)  —— 1 sink 
. A — h.cos(r-- A)cosr ~~ cos(r+h)cosr’ ho 
Mo COE 1 
the limit of which gives Dtanx = = 1 -tan?r. 


cos?r 


Again, tanz, when the sign of x is changed, becomes — tan., or 
tan (— r) = —tanz; whence (139.) the series for tanz must consist 


_of odd. powers only. We have, therefore, to investigate what series 


of odd powers, P, will give DP = 1 + P’. 


Le — Pca,rdas2)-a525-4-a; + aga? + 
Then, DP = a+ 3a; 2? + asat 4-704239 --9uga? + ...- 
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P? = aia*--2a,a42*4-2a,a529--2a,a;39-- ...- 
Ta3542a,05235-4 .... 


RA 
Make DP equivalent with 1 + P?, which gives 
1 2 
d; = l, 9 d4 — at; or d; = 3 5a; = 2 a, ds or d5 = 15 
204/14 17 17 
7a; = 24,45 dj — 4; + 5 345 V" 9; — gT 
- 34 4 62 62 
Jas = 2a,a; + 2ayas = i EI - 3.7.15? “9 T 3.7.9.15 
whence t+- Ta ae am at + D o. 
? a 2835 


is the only series of odd powers which has a property such as the 
tangent -must have; namely, to be a function of x, whose derived 
function is 1+ the square of the function. But tan xr, if developable 
at all in powers of r, must be developable in odd powers only (139.); 
consequently, the preceding series must be the tangent of z, if there 
be any series whatever of whole powers of z which is = tanz. But, 


: e . e . D 
by common division, we may see that sinr, or ado. + .... 


2 
divided by cosz, or 1 — = + .... does give an equivalent series of 


powers of r; consequently, we must have 


_ 1 2 17 7 , 62 y 
tang = cir) + is d olus 2835 7^ d ee 
The actual division of the sine-by the cosine will verify this, as 
follows : 
1? r* x 1r? 2 
ni Sm -——À oats 
l—3 t z34 D 23 T $3.15 „(2+3 titt 
x3 r 
v7—3 Tt 3347 °° 
1g T + 
3 2.3.4.5 rE 
1 ANC 
z T — 2.3 XU... 
4 ! 
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The preceding series must cease to be convergent when z = 2 if 
not before ; and must, therefore, be regarded (Algebra, chap. ix.) as 
an algebraical equivalent of the tangent. 

(141.) We shall now proceed to the determination of tan, , x. 
Let us first take that value which lies between -5 and + >) (134.) 


which we have agreed to call tan-lz. 


pP 


l 1 r^ —l : g^ -1 22 V = la 
From (101.) t = e n cise 
ae V1; V-i gem) miU. DS Ty 


the latter fraction being made by multiplying numerator and deno- 


minator. of the — by £* V -1, From this we find 


1— UTE tanv 


and (Algebra, p. 226, formula 3.) 
log g27^.-1 — jpe tang +4 (V — D anz)* --1(V — Ltanz)> + 


= 2 V — l (tana — } tan? + Ptan?y — &c.) 


Before proceeding further, annex 2m V —1 to the second side 
(102.), because (124.) we have no right to conclude that any one 
logarithm of the first side is equal to any one logarithm of the other. 
And, to make the question clear of all difficulties, except one, take a 
specific value for the tangent of x, say 1. We want to determine 
the angle or angles which have 1 for their tangent. Calculate 


i . 01 | 
. ga Aa q S001 — ge, and call it v. 


3 5 
Then, taking the general logarithms of both sides, we have ` 
 2rV —l -2«nY — —] —-2voV =l] -2zm^ —1 
or t+ne =vu+me, and x = v + (m—n)r, 
which is the same as xr =v+pr, 


where p is any whole number, positive or negative. By proceeding 
similarly with the general series, we obtain 


z = (tang —4F tan®x + Itant — &c.) + pr, 


a result of a true form; for (44.) whatever angle v has a given 
tangent, v+pmr has the same. The only question is, with a given 


INVERSE TRIGONOMETRICAL FUNCTIONS. 119 


tangent, to which of the angles does the series itself belong? To in- 
vestigate this, we shall produce the series itself by aid of the last 
chapter. Firstly, we must investigate Dtan, ,r (129.) 


Here fz = ms Dfx = gr = ] + tan?z, 
1 1 


Df = oF T3 ~ 4 + (tan. tan, T) EET 
or Dun ,z = poe = lapata tn... 


(Algebra, p. 16), from which, by reasoning similar to that in (135.) 
p" ou 
tan iX om d —3. +5 meee +O. 


Now, if we look at (128.), we see that the only supposition on 
which the reasoning there given can fail, is where x itself is infinite; 


1 : : ; 
for Ir never becomes infinite for possible values of +. Conse- 


^ . 
quently, between tan jr = — 7 and tan ,r — T5 there is no 
change of value of the constant. Let C, be the value of the constant 


which belongs to the interval between — 3 and + 5 (in which tan ,x 


is tan, , 7) ; then 
; EE a 
—] EET è 
tan qme bE mm cece + C; 
but when z = 0, tan-!r = 0, and therefore, as in (135.), C, = 0, 
or we bave 


tanc!ly = re E Tawera ~ 
3 ð 
for x write tans, and (134.) we have 
x = tang — ltan?z + } tanz — &e. 
that is, the value of the series is the angle which has the tangent 
specified in it, and which lies between -5 and + 2: 


This series is convergent only when tanx is less than 1. But we 
may immediately produce a series which shall always be convergent, 
as follows. From (135.) 


sin! r = Tt + Je 


r’ 
3 d > Gad an 


aS ee 
2.45 
for x write sinr, which gives 
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for sinr write tan z — pl Ss aa), and then write tan ^ ux for x, 
which gives 


Aagmoiofjii1o1 4,131 
in z= sll tirs tia 4 5(1 iy d 


which will be found (Algebra, p. 182) to be always convergent. 
(142.) As an exercise, deduce from + = tanz — 4 tan?r + &c. 
by taking derived functions of both sides, the following series: 


cos?y = | — tany + tant — seee pan verify them 
sin£r = tan?y — tang + tan£y — ....) otherwise. 
(143.) A series of periodic quantities, such as 


sind + sin20 + sin30 + sin4£ + eee ad inf. 


can neither be called convergent nor divergent. If for 0 we take any 
value, these sines will be a succession of positive and negative quan- 
tities, in parcels, no one of which exceeds unity. If, for example, we 


had 0 — F the series would be 


(9 31-43 V240—3/2—1—342—0) 
-- a second parcel of the same form ; 
+ a third; + ........ ad inf. 


to which we may give the form 
(Ip 9/2) Tete ee) a weseees oa dnp} 


The meaning of this series has been already discussed in Algebra, 
p. 197. The question is, are we now to say that the preceding series 
is one-half of 1 + V2. In the chapter cited, we found the series 
1—1 + 1 — 1 + .... to be a (then) unintelligible limiting form 
of 1— c d x? — z? + .... which was always arithmetically equal 


, as long as r was less than 1; whence we assumed à = 


1 
d 1 +z 
1 — 1 4-1 — ...., and found that the one side was an algebraical 
equivalent of the other. Let us then examine the series 


xsin§ + x?sin 20 + 15sin 34 + e.. (£< I), 
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which we may now call convergent, as its terms are severally less than 


those of the series z + 27 + i? + ...., which is convergent. We 
may sum this series in various ways, of which we shall choose two. 


1. sin(n + 1) + sin(n — 1)6 = 2sinnó.cosó gives 
n = l1,zrsin28-4-0 = 92rsinó.cosó 
n = 2, a*sinJ0 + z?sind = 2 a?sin20. cosó 
n = 3, z’ singo + z?sin20 = 2 z’ sing ð .cosð &c. 
If, then, we call the sum of the whole series S, and sum these 
equations ad infinitum, the sum of the first column, z sin 26 + 2’ 


sin30 + .... is(S— rsin0) — 1; that of the second column is 
rS; that of the third column is 2Scos0. Consequently, 


S — r sing x sinO 

CEN" EE + z S = 28cos4, or S So UT 
2. Let the sines be replaced by. their exponential values, which 

gives 


lE = y) =z- ;) telyn) 


1 D A, ETE NEN NA 

= = (ry +2*y + ! = tL) 

M RENE. NENNEN NDA. E PEN inni SURE 
2V —] 1—ry | 2V —1 1—ry- 2v —1 1—(y-r y7l)z 4- i 


_ z ; y—y-!1 — rsinO 
1—(y -y71)z 4 2? oV —1 1—2cos0.r-rzr? 
the same as before. Now, if in this result we make 2 = 1, we 


find it become 


sind 2sin4@.cosi@ " 0 
a L—M—- 4 cot- 
2 (1— cos0) 4 sin? l - 2 

2 


that is, $ cot? = sin + sin? + sing + 


on which we must remark, that arithmetical equality has ceased, 

and that the siga = can only mean (Algebra, chap. ix.) that one side 

may be substituted for the other without producing discordances in 

any arithmetical consequence of the substitution. For instance, we 

shall consider the following result, which those who have any idea of 
M 
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arithmetical identity between the two will be surprised at. The 
smaller we make 0, the greater is the value ofthe series. On which 
remark, that this is not a series of terms with fixed signs, but one in 
which the signs are positive and negative in parcels, the number of 
terms in eacli parcel depending upon the value of.0. First, let 0 be 
diminished until the first three angles lie in the first two right angles 
the signs then are, | TEM 

qp pue a 
let further diminution take place until six angles are less than 7; 
the signs are then, | 


dose oe oe omae eed | 


and so on. Now, one very simple case of tne series is that in whic h , 
0 is a measure of m, say 40 = «x. We have then sin(n@+ 0) = 

— sin 0, sin(n0 + 20) = — sin2 0, &c.; so that, if we put a for 
sin0 + sin20 + .... +sinn@, we have a—a + a—a + .... or 

la for the series. It remains then, only to find an expression for a; 
now we have 


1 
a = gy (y-rt4y-yecky-y" 


u 1 re E yay 


~ Wa l1—y 1 — y~? 
i. dup sy uy 
20 8v —1 2— (y +37’) 
... Sin 4- sinn0 — sin (n 4- 1)0 
i 2 (1 — cos0) 
which, if n0 = v, sinn@ = 0, sin (n + 1)0 = — sin0, gives 
a= Seed) and 5 is the sum of the series already found. 


(144.) If 0 = zT, m and n being whole numbers, and if F0 


be a primary function of 0, or any function whatsoever of primary 
functions which is really periodic, the series F0 + F20+4 ..... can 
always be reduced to the form a—a+a—a-+ ....; and the whole 
question of assigning an algebraical equivalent to the series, in finite 
terms, is, therefore, made to depend upon the considerations deve- 
loped in the ninth chapter of my Algebra. And, when @ is not com- 
mensurable with v, we know that 0 may be found to lie between 


m -- 1 ; 
ds v where n is greater than any number named: so 


m 
— T and 
n 
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that the question in any other case is resolved into the general 
question discussed in the treatise on Number and Magnitude. 

(145.) When both the series and its algebraical inyelopement * 
are periodic in value, there is generally no difficulty with regard to 
the constants which may enter. But it may happen that one side 
increases without limit while the other side is periodic, in which 
case a discontinuous constant must enter. l 

For instance, let the series be 


sing 4- sing + Z sin3 4 + .... 


which differs from that in (143.) by having terms which decrease 
without limit; but which are positive and negative in parcels deter- 
mined by the value of 0. This series is, 


= fy- -y In -r) +; p r a 


Now, (Algebra, p. 226) Y +5 ; y Ts y" +.. = —log(l1— y) 


. y+ oy tt ay + ae a(i) 


Z fio (1 E - tes —y) } 


- log g-(6* T)4-1 


whence the series — 


: log y : los (— DEL 
«O2 —1 syay) — 2//—1 Tm 


1 ij. 
Because < ga ba = gt) ; and, as in (102.), 


the general logarithm gives 


_ 2raV—1 raV—1—(0+")V—1 E 0 -r- 


en — 
| 9$9V—A 2 


It remains to determine the value of n, corresponding to the 
condition that 0 lies between certain limits, which limits are also to 


sin ĝ + 5 sin24 + .. 


; 1 
be found. Let 0 — 53 the series becomes 1 n + ;— .... OF 


(141.) tan7! 1, that is P whence we find 


* I use this word as opposed to developement ; thus } is the inve- 
lopement of 1—1+1—1+ 


124 CONNEXION OF DIRECT AND 


37 7 7 

S vt = 7? or n = l when §= 5 
atte 7 7 f 7T 
Similarly, «n — z5 gz an= O when 0 = — = 


Now, the addition of 27 to the first side of the equation creates 
no difference; neither must it do so on the second side. To satisfy 


this condition, consistently with those just deduced, and also with, 


another which appears immediately, namely, that a change of sign 
in 0 changes the sign of the first side, and, therefore, of the second, 


let n, be the value of n between 0 = 0 and 0 = 7 and n, between 


0 = 0 and $———.. We have then 


— 0 
T2,—--.- = — (an, ŽE) or nyi = —n, + l 


the only value of which is n, = 0, n, = 1, since the only change 
consistent with periodicity is the addition of +, whenever 0 has re- 


‘ceived an increase of 27: and since n is 1 when 0 = >? and 0 when 
0 = — >) and the change takes place when 0 changes from negative 


is ] ; ; 0 
to positive, it must be as Just stated. Such an expression as a — 2 
can only thus be made identical with a periodic series; for, when 0 


0 . 
becomes 0 + 27, then the preceding becomes a— r — jn which, 


if the same succession of values is to recur while the angle changes 
from 0 -- 27 to 0+ 4v, a must be increased by r, so that a — r 
may be then what a was. The result is that 


from § = —2a to 6 = Q the series is Quer p A and —— 


2 between 2 


6+7 T 
Ü = 0 tod = 2a m Ls ue "P 2 s». = 
) 0 --7 T 
8 = 2yr tob = 4r... 2r — eQE n 
and so on. 


(146.) Let us consider the series 


a? a5, 
asin? + ^ sin? ð + 3 sin dé To... 
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which is reduced to the preceding by a = 1. Substitute for sinô, 
as in (145.), and the preceding becomes 
1 a 1 1—ay-! 
—*) —tog(1—ay)} or —7— FT 
= five (1 =) log(1 —ay) oJ 8 Tay) 


= cos§— Vi sin f 


But y = cos) + V — l sing : 
1 —acos0 + asinü V —1 
2V/ —1 °8 € 1—ucos0 — a sinb V —1 


whence the series is 


Let 1—acos0 = rcos$, asinü = rsing, whence ¢ = 
tanı CELA The value of the series becomes 
1 —2acos0 
£71 


1 cos $ -F sine —1 1 i 
2V¥—1  cosġ—sinġg Y —1 — 92V —1 LET el 


1 — 29V —1--2ncN —1 
== ——] g204 -1 — SCO Ù 
QV > 2 X —1 (paie 
asinO 
1— acos 0 


asing +? sin2¢ To = nz + tan”! ( 


where tan_, is changed into tan—!, as the difference between the two 
is expressed in the remaining term. In the form here given, n will: 
have only one value ; for tan—! zr is not a continually increasing term, 


being limited to that angle which lies between — ; and 4- z . And, 
when a is very small, the preceding series is very small, which cannot 


be true of the second side, unless n — 0. Consequently, we have 


iE, = a sind + 2 sin20 T... 


1— acos 0 


This brings us to consider the difference between tan-! tan6 


and 0, which are equals only when 0 lies between -5 and + : : 


but, if 0 be greater than 2^ it is not tan-!tan@ which is = 0, but 


one of the values of tan-itan0. Consequently, as 0 increases in 
successive revolutions, the expression tan—!tan@ is periodic, varying 


continually between 2 and —5 And similar considerations may 


be applied to sin-!sin0, which has the same limits, and to cos-!cos 
which has the limits O and s. We shall immediately see the use of 
M 2 
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this when we proceed to the series of last article, considered as a 
particular case of the present one. Let a = 1, then we have 


. S ESOU. .- 
asing 2sing -coss 0 


i (z 3 
—— = — — =- = tan| -4 — — 
1—acos0 9 sin? cots an 2 — 2 
3 | 

0 : T. 1. 

Or tan—1 tan (Z — ;) = sing + —sin2d + —sindd+..... 
2 2 2 3 

if we write the first side = — » we are in error, for the two are not 


0 .. l T 
the same, except when -— 2 lies between — I and + 5? oF when 


0 lies between O and 27. Such a transition would require a con- 
tinual correction, amounting, in fact, to the process of the last article: 


but tan-!tanz is, by definition, the angle which lies between -5 


and + 2: and has «x for its tangent. 


The student should now prove the following theorems, illustrative 
of the limitation of F -1, as distinguished from F_}. 


š r 
sin-lcosp = 5 — z from zy = 0 to x = T 
cos-isin x 2 x from x A t dc 
-lsi = - — ro = — —- t r = - 
2 xL A 2 

g 
cot-Manz = 5 — I from 2 = O totz = +r 


(147.) We now proceed to some adaptations of the theorems in 
chap. ii. to the notation of inverse functions. 


sin (sin7lz + sin-ly) = sinsin-lz.cossin-!y + cossin-lr.sinsin-ly 
Eu Ica 

cos(sin-lz + sin 71y) = V 1—12. V 1 — y? — ry 

sin(sin-lr--cos-ly) = ry + V 1—4? V 1—3* 

sin(2sin-1z) = 22V1—.z* cos(2 sin-ly) 221—242? 

sin(2cos-lz) = 22V1—2? cos(2cos-lz) = 24°—1 


Is it true that sin (2 sin-!r) = sin (2 cos—!r)? if not, why? 
Investigate the consequences of the ambiguity of sign implied in 
/~, and also ascertain within what limits the following is true, 
and when and how it must be corrected. 


sin-lz + sin-ly = sin-l(zV 1 — y? + yv 1 — r’) 
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Next, tan (tan—!r + tan—ly) = : E ,tan(2tan—!r) = 


1 
tan—!r + tan~ly = tan—1( 7+ ¥ 
+ J 1—r E 
This latter equation is true whenever the sum of tan-!r and tan—ly 


* T : TT 
lies between — 3 and z` but ifit do not, say, for instance, it lies 


R d . 
between 2 and v, then either « must be subtracted from the first 


side, or tan .; must be used on the second; and so on. In the same 
manner deduce (with similar limitation), 


tan—!r 4- tan—ly + tan—! 2 = tan! (EX ts — 535 | 


1l — ry — yZ — z7 


r+y | 1— 
(148.) Let (<a or y — per e gives 


tan—!r + tan-! 2j E 


1 
Let r — ay = 3? and then tanm + "dá = 2 


which gives an easy method of computing Ps value of z. For (141.) 


e-— LL. = = — — — Mira Er ee, ee . 6 ee 
bk 2 3 93 + 5 9s 73 t : 
1 1 11 1 1 11 

tan-l—- = - —-— — i Paes MEA TU ae 8.78.8. 9 6 v 

3 3 33755 737 

T 1 1 1 /1 1 1 f1 1 
lg Oy eens dui z SEE iet — |] — ke. 
4 2° 3 3 p + 3 t3 gs T 3s i 


Write p and 4 for 5 and a (divide by 4 and 9 at every step). 


p = 50000000000 q = ‘33333333333 
p? = 12500000000 g? = '03703703704 
p) = 03125000000 g> = :00411522634 
p! = ‘00781250000 g7 = ‘00045724737 
p ^ = °00195312500 = 00005080526 
p" = :00048828125 - q!! = :00000564503 
p? = 00012207031 qg? = :00000062723 
p = :00003051758 q'5 = :00000006969 
p" — :00000762940 q" = :00000000774 
p? = :00000190735 g'® = :00000000086 
p* = 00000047684 q?! = 00000000009 
p^ = ‘00000011921 
p” = :00000002980 
p” = :00000000745 
p? = :00000000186 
p?" = -00000000047 
p? = :00000000012 
p? = :00000000003 
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Now let (p* + q^) — n be denoted by r, | 
°83333333333 r, = ‘05401234568 


Ty -— 
r, = ‘00707304527 r, = ‘00118139248 
T} = :00022265892 rı == ‘00004490239 
r,, = :00000943827 rs; = :00000203915 
r, = 00000044924 ry == 00000010043 
r, = :00000002271 r,, = :00000000518 
r, = :00000000119 Tj = 00000000028 
ry = :00000000006 ry = 00000000002 
84063894899 | 05524078561 
84063894899 
ł m = 78539816338 
4 


w = 314159265352 


- 


which is correct, with the exception of the last place. 


(149.) sin-lz = cos-l/1—z? = tan-! ;&c. Form 


pnr ONSE 
: V1 — 2? 
all similar equations, and explain under what limitations they are 
true. 

It hust be observed that every such equation becomes true (134.) 
when sin_), &c. are substituted for sin-!, &c. But it does not follow 
that the same value of m in the general equation 


sin jr = mgr -4-sin-!y = (2m--1)z-—sin^!z 


must be applied on both sides of the equation. 


(150.) The angle sin-!z is made, by convention, a periodic angle. 
It changes through O, > 


0, — 1, 0, &c. 


0, — 5 0, &c. while x changes through O, 1, 


"ve 
If x be greater than 1, the angle sin-!xr becomes impossible. 
If in the expressions for sinz and cosz, we write «/—1 for r, 
we have 


sin(x V —1) jee age TEN sin (1V ZT) 


——— O Ol el > T 


2 y —] 2 / —1 
iie D) ETE a EEE ue 


The right hand sides of the equations are no longer periodic; and in 


> 
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the same way as all functions of sines, cosines, &c. may be expressed 
by exponential functions of x and V —1, so all exponential functions 
may be expressed by forms of sines and cosines of rv —1. 

(151.) We may thus always give to periodic series their correct 
periodic values, either in terms ofthe primary functions, sines, &c. 
which are periodic, or by the introduction of periodic angles, sin 7!sin 0, 
cos-lcos0, &c. Having illustrated this point, on which freedom 
from error mainly depends, I shall proceed in the next chapter to 
some applications of trigonometry, which will give a first view of the 
manner in which it is used in astronomy and other branches of 
physics. 
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CHAPTER VIII. 
: APPLICATIONS OF THE PRECEDING CHAPTERS. 


(152.) Tue following question occurs several times in astronomy : — 
If tang = mtan6, required the developement of 9 in a series of terms 
which shall be functions of m and 0: the supposition being that m 
is nearly unity, so that one value of 9 is nearly 0, or ¢ = 0 nearly 
is the solution to which better approximation is required. Let g V~? 
be called n; then we have 


1 nfn d m w—m-' n“? —1 d 
= = —— = 2 m-ig 
2V—1 04, 9 2v —1, 4» o n 9 t1 5*8 E) 
z —l isan l 
Now TS 1 +l (1—m)z--1--m 
uu 4 ipm  Q+tm)r+i—m 
(1—m)s4--(1--m) | cv" 1 1—m 
h ED) o NP WN o APR | ate 
whence y ‘= 37 andi, where ¢ = 17 
atma” c (1—m) a +e 


or  1ogz ?? = log(l + 7%) — log(1 + cn) — log n? 
2 
ET — logn?’ + c(72?— n 72^) —; CHE 
EE 64 —6 6 
t3 — ) — Ke. 


But 4 9 = p 94-1 logy? = —20 V —142«n —1, &c. 
vhence —29V —142enV —1 = —20V —1—2«n' V —l 
T e(t — g 24 —1) — &c. 


Divide both sides by —2V —1, and since n + n’ issimply any whole 
number positive or negative, which call r, 


2 * 9 ^3 
o—r-7-— 4— 2.csin20 + 77 singo — = sinG4 + &c. 


Since ¢ is to be the value nearest to 0, we must have r = 0, or 
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o = 0$—2csin26 + Ze singo — 2^ sin 0 + &c. 


(153.) Let it now be proposed to expand the first side of the fol- 
lowing equation in a series of the form of the second. 


1 
1 + ecos0 


= do + d, cos ô + d, cos2 + uzcos3ð + ..... 
Assume | Z+ =] 2ry = 
1 + ecos = z*-rF2zry x 1(c^ 7-1 i76 1) Ty? 

= (a +y’ 72) (s ys) 

= r? (1 XS) (1 + Syr) 


Let Z = Zz g4/-1 = w. Then, 


mo 1 
1 +ecosð — 1+2¢w°1+2w7! 


= (l—zew-z*w —...) (1—2w7!-Fz247?* —...) 
| = (l4 ++.) (z+ + e)la to!) 
2 TI T (4 z*-r --) (9 u73) — .... 
= UN ] —2zcos8 --22?cos20—9 2? cos 3 0 -- .... 


^ 
— ó 


Now, 22 = Vit+e+Vl—e 2y = V1+e—Vl—e 

_y _MVite—Vi-e _ 1—Vi—e 

m z XiceplWVi—e | | 
z*(]l —z?) = r? — y? = V 1 —e 


rus uy {1 2 (SE om 42 (IVP) eani. 


(Algebra, p. 119.) 


If we take the other sign for V 1—e& throughout, we have a 
developement which is an algebraical equivalent of the first side, but 
which is divergent when the one just found is convergent. It appears 
also that this form of developement is not arithmetical, unless e be 
less than 1. We shall now develope the series in powers of e, so as 
to include every term up to the third power of e. Firstly we have 
(rejecting every term above.the third power) 
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(1—e&) 1 —144&4... Vl1—é- 1—3e—1e— .. 
-1—V 1—e? 
€ 
(1-38) (1—2 (Fe + 18) cost +2 (3e-- ge)? cos20 
—2 (łe +} e) cos30 + e) 
Develope the second factor, rejecting all powers of e above the 
third, which gives 
3 2 ; 
(14-3 e?) (1 — EEEE cost + cos2 à — Z cos30 ) 


= 4e+ }e°+ .... whence the series is 


Multiply, rejecting e*, &c. which gives 
4e -3e? 


2 3 
] +e — cos + = cos20 — = cosd ó 


Multiply both sides by 1 — e? with similar rejection, which gives 


1—e e 4e—e? 


1--ecos0 END 4 
(154.) We might also obtain the preceding result as follows 


( Algebra, p. 161). 


e? e 
cos + > cos 2, à — 7 cosg 6 


1—6€ (1... (1 2 cos? 4-— 63 cos? ‘anti 
Vl m (1 —e*) (l—ecosé +e? cos?d — e cos? 0), rejecting e*, &c. 
1 = ]—e*—(e—e*)cos 0 + ecos? à — ecos? 0 
= 1—e*—(e—e)cos d+ e*(3 + à cos2 0) — &*( 3 cost + 1.053 0) 


which, reduced, gives the same result as before. 


(155.) TuronEM. While 0 varies from O to 27, or from & to 
a-+27, every expression of the form asin0-LFbsin20--.... or 
 atan0-4-btan20 4- .... &c. has as many positive as negative values; 
that is, for every positive value which the series has for one value of 0, 
there is a negative value which it has for another, numerically equal 
to the positive value. 
This theorem depends upon another, namely, that in the same 
revolution there is always a second angle 0' to any given angle 60, 
such that 


sin ð = —sin ô, sin 20 = —sin 20, sin 39 = —sin30...- ad inf. 


tang = tani, tan20 = —tan260, tandd = —tan3d.--+ ad inf. 


The angle in question is 2 m — 0, as appears from (44). It is, 
therefore, evident that F 0 being either series mentioned, F (2 m — 0) 
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with the others in the following general theorem, of which the one 
just given is a more simple equivalent as regards the sine and 


— —F@. The cosine has not a similar property, but is contained 


tangent. 

Turorem. If 9 be an aliquot part of 2z and F0 = sinô or 
cos 0, &c. 

Fo4-F(20) À-F(30) eee +F(2z or nd) 20 


This is already proved for the sine and tangent, since the series may 
be made from the beginning and end, into one of terms such as 
Fx +F(2x2—z), which are severally = 0; and the middle term, 
if there be one, is F (r) = 0, and the last term F(27) — 0. For 
the cosine, if there be a middle term, F (7), that is, if n be even, 
all the series preceding F may be arranged in terms of the 
form Fr--F(z —z), each of which = 0 ; and all from F (r 4-0) 
to F(27— 0), the last but one, may be arranged in terms of the 
form F(x+z2) + F(27—s), which are severally = 0. And the 
remaining terms, Fr and F2z, give Fr --F2z — 0. When there 
is not a middle term Fz, or when n is odd, we must make use of a 
general demonstration derived from the method in (143), by which it 
it is proved that 

cos 0 + cosn@ —1— cos(n +1)0 


cos 0 + cos20-1- cos 30 4-.... 0 = 
T u T NU 2 (1— cos 0) 


the second side of which becomes O when n0 = 27. 
Similarly, in (143), we have the series 


sin 0 + sin n 0 — sin (n 4- 1)0 


sin 0 + sin 20 + sin30 4-.... + sin nð = 
T dr + 2 (1— cos 9) 


which becomes = 0 when n0 = 27v. And the same, in both cases, 
if n0 = 2mz. i 

Hence it appears, that if we have such an expression as 
asin0 + bsin20 +...., and if we substitute for 0 successively 
= == .... up to 27, the sum of each of the sets of terms corre- 
sponding to asin@, to bsin 20, &c., is = 0, whence the following 
result. If we take angles uniformly distributed in value between 0 
and 27, the sum of the negative values of asin@ + bsin20-+.... 
will be equal to the sum of the positive values; and the same of 
a cos O + bcos26 + .... ; more briefly expressed thus: the mean 

N 
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value of either of the preceding expressions is nothing. If, then, 
we have an expression such as a, a,sin0 + a,sin 20 4- .... 
the sum of n values, the angles of which are uniformly distributed 
through four right angles, will be na, + 0; that is, a), or a, is the 

mean value ofthe series. Hence an infinite number of ways of de- 
termining a magnitude which oscillates on one side and the other of 
a given magnitude: such -as is almost every magnitude which is 
considered in astronomy. 

(156.) We shall now inquire into the method of forming the 
product of two.series such as a, Fa, cos 0 + a, cos20 3 ..... 
and b, + 6,cos@+6,cos20+4...... Let z$(m) be the abbre- 
viation of the series whose ‘terms are the values of on for all whole 
numbers from O to o. Then the preceding series are denoted by 
Za,cosnÓ aud xb,cosn0; their sum is 3 (an + b,) cosn0, and its 
mean value a, -- b,; their difference 2(a,— 5,)cos n0, and its mean 
value u,— b, Their product is Zan b, cosn0 cos m0, for every pos- 
sible simultaneous pair of values of m and n, both being positive 
whole numbers. It is«evident, moreover, that 2 (pa 4- q4) = EPn + 29n- 
If, then, we give the general term 


An b, cosn ücosm 0 its value 3 d,b,,cos(m-+ n) + $ an b, cos (m — n) 0 


{ 


we have : 
Sa, cosndx Xb,cosmó = 3 Xa,b,,cos (M+) + $ Za, b, cos(m—mn)0 


To find the -co-efficient of a given cosine, cosp0, in the pro- 
duct, we must inquire in how many ways m-+n may be made to 
give p, and m — either p or —p, for cos(—p0) = cosp0. Let 
us, then, first ask for the mean value of the product, or the term 
independent of 0. The only way in which m + n gives nothing (m and n 
always positive whole numbers, O included) is when m — 0 n — 0, 
which contributes łab, to the mean value in question. But m—n i 
— 0 whenever m = n, which contributes 3a,5,-- 3,5, -F 3a,5,4- . . . . | 
ad inf.; so that the mean value of the product is ag by +h a,6, +4 a,b, 
+ ..... The student might perhaps think that the mean value 
ought:to have been a,b,, and may reason thus: If there be a magni- 
tude which, one time with another, is ao, and a second which is 5,, 
the product is as often above as below a,b), and the latter should 
therefore be the mean value. But this is not true, as the most simple 
instance will shew. The average of 7 and 3 is 5; that of 4 and 12 


— 
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is 8; the product of the averages is 40; the average of the products 
is 343. In the series deduced in (153), the mean value of the square 
of 1—(1+ e cos 0) is, by the — rule, a2 + 131 + ła +... 


1 
or —3+ 51: +S Tod uin 


1 2 2? 1 —3 
or jae tiZē Toe or (1— €?) 


(157.) I now ask for the term of the product which contains 
cos 50. The number of ways in which m+n can be made = 5 is 
finite, namely, x 


n =0 m =5; n=l] m=4;n=2m=3; 
n =3 m=?2; n=4 m=l; n=5m=0 
which contributes 
1 (agb, +a, b, 4- a5 b4 4- a4 05 -- a, 0, +4559) 


to the co-efficient. Now all the ways of making m — n = 5 or — 5, 
are infinite in number, giving 


m = 5, n=0, or m0, n=5; m=6, n=l, 
or m=1, n=6; m=7, n=2, or m =2, n= 1, &e. 
which contribute 
3 (a9b5 +45bo) + 4 (4156+ 0651) + 3 (aob; +4752) + +++: 
The co-efficient is therefore 
aob; +a, b, 4- a5 b, 4- a5 b, 4- a, b, +a5bo 


the half of 4 2- a955 +a, bg+ a5 5; -- a4 0g c a4,0g 4- +--+ 
+ a5b, +460, c a; b,+dgb3+dgby+ - 


Similarly, the co-efficient of cos n9 is 


agb, +A, On + S a8 b, 


the half of 
ie o Praa a RP 


The student should now actually multiply some terms of 
3a,cosnO and 2b„ coś m0, and thus produce the result here con- 
densed, in a more expanded form. 
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t 


(158.) The product za, sin n 0 x Zb, sin m0 must be developed 
in. a series of cosines: shew, how the several terms may be de- 
duced, and compare them with.those of the last. The product 
Xa,sinn0x xb,cosmO must be expanded in a series both of sines 
and cosines: proceed in the same way. 
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CHAPTER IX. 
MISCELLANEOUS ADDITIONS TO THE PRECEDING CHAPTERS. 


In this chapter I propose to touch slightly on several points which 
it is desirable the student should consider, but not necessary, so far 
as Trigonometry is concerned, that he should enter to any great 
depth. 

(159.) PRosLEM. Required a solution of any equation of the 
second degree which has possible roots, by help of the trigonometrical 
tables. — l 

Let the equation be reduced to the form x?+ 2ar + b = 0, or 
1*--2ax — b = 0, a being either positive or negative, and b bein 
positive. Under one or other of these forms every equation’ can be 
reduced. 


1.  a?--2az b — 0 gives c= —a-c Vat—b 


Assume b = a? sin?0, or find 0 from sind = V b -—- a; which can be 


done, for, the roots being possible, a is greater than Vb. 
x = —a4 + V a&a@— a sinh = —a(l-cos) 


. 30 0 : 
and — 2asin*7 and — 2a cos’ > are the roots required. 


2. 224+2ar—b=0 gives xr = —at+VE+b 


Assume b = attan?0, or find 0 from tan@ = Vb- a, which can be 
done, as the tangent of an angle may have any value. 
cos@ + 1 4/ 7,008 9 3- 1 


— = = —(————— = — ane 
Á a(l = see) a cos0 b sin @ 


Z 0 — 0 
and ./ btang and — 4/ beot — are the roots. 


N.B. If a be negative, as in r?—2r—2 = 0, it will be more 
convenient to solve r?-++ 2r — 2 = 0, and to change the sign of the 
roots of the latter. (Algebra, Chapter V.) 

l N 2 
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Examples (with obvious roots for verification.) 


|: 2 -3r 4+2 —0 


a = 1'5 b = 2 
log b 2)°3010300 
1505150 
loga "1760913 
1:9744237 

10 


L sin 70° 31'43'-5  9:0744237 


log sin 35? 15' 51”8  9:7614394—10 
2 


19:5228788—20 


. *1760913 
3010300 


loga 


log 1:000000 20:0000001—20 


log cos 35° 15’ 51^8. 9°9119544—10 


2 
19:8239088—20 
1760913 . 

*3010300 


log 2:000000 =. 20:3010301—20 
Roots, — 1 and — 2. 


‘eet r—12 = 0 


ü-5 b = 12 
log b 2)1:0791812 
°5395906 
log a 1:6989700 
0:8406206 
10 


L.tan 81° 47’ 19"-5 10:8406206 
log tan 40? 53' 363 9:9375310—1«( 


log V b 5395906 


log 3:000000 10:4771216—1( 


log cot 40? 53' 36"-3 0:0624690 
log Vb 5395906 


log 4:000000 — 0:6020596 
Roots, 3 and — 4. 


(160.) On the preceding there is a remark to be made, in con- 


tinuation of (120). 


Having found one root of the first equation 


to be — 2a sin? 36, we perceive that at the point where 0 was first 
introduced, in the expression sin0, we might, whatever 0 may be, 


have substituted rm — 0. 


This shews us that in the result, since 


— 2asin?} 0 is a root, — 2 a sin? 4 (m — 0), or —2acos?40 
is another root; that is, the other root, since there can be but two. 


We shall illustrate this subject by giving a method of solving an 


equation of the third degree. 


Let the equation be 


24+ 3hkhat+3lz+m=0 
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Assume r = y — k, which gives 

j— (315—301) y -2)e—3kl pm = 0 
Le k?—l = p, 2k'—3kl+m = q, whence q = 3py —3? 
But (59.) writing 1 — s? for c?, we have sin30 = 3sin0 — 4sin?0; 
if, then, we assume 3py = 3 Asin, and y? = 4 Asin?0, we have 


q = A sin 30. , But the first two equations give A = 2v p, whence 
the equation can be solved if 


sing = Ve for then y = 2Vp.sine 


This requires that g? should not exceed 4p?, in which case the first 
equation is rational. But 30 + 27 has the same sine as 30, whence, 
by the same process, we discover that the three following expressions 
are values of y, which make g = 3py— y’. 


2 Vp. sin(@— 27) 2 V/psin d, 2 V/psin (s + ?* 2 (A) 
(161.) If for £34 -1 we write z, we find 

sind ð = fz- = TR d 

2v —1 z 4 p’ 


_ Vogt Wipog 
2V p° 


ay 
and 


1. aa 
If for z we take either of these values, zis the other with its sign 


changed. Let us assume, then, 
2 pz = == — Q? MA = 2 
Vpz = V4poqg.v—q ZE = Vip gyr 
Extract the cube root of both sides, and we have 
235p zi or 9i pA f 7 = VVip— qu Vy 
Apia i o gp I LV VIVI 


—9pbhana — P (44-1 ,—44- 
y — 2p sing = 2 (e — £ ) 


1 a ER DE A RE 
= ay VVvipcqav-g-VVAp-q- vg) 


f — gy = n 
which, since M Eg sm V —N —1, and —Ve = M —a, is 
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= y-t + yE p+ -g-i e AB) 


This is the formula known by the name of Cardan, for the solution 
of yj — 3py +q — 0. It may be verified as follows :—Assume 
y = u + v, which gives 
u$ vw --3uv(u d v)—3p(u tv) +q =0 
u + qu Fp? = Of 

whence 2? and v? are the two roots of the last equation, treated as of 
the second degree. The expression (B) for y is then easily deduced. 

The utility of this result (which is of great historical importance) 
is not considerable, and I shall give the following only as exercises 
for the student. 

1. The expressions (À) and (B) cannot both have possible forms. 
i 2. If 1, k, and k? (106) be the cube roots of unity, and if A and B 
be the arithmetical cube roots of 2° and v3; then u + v, considered 
alone, may have the following forms 


A+B, A+Bhk, A+ BR, B+AR, B+AR?’, 
Bk+ARk?2, Ak+ BÆ, 


none of which (from wv = p) are admissible, except 
A+B, Ak+ BR, AR + BR, 


which are the three roots of the equation, or values of y. 

3. The expressions (A) are possible when all the roots are pos- 
sible; and (B) when one only is possible. 

(162.) The equation 3?*—2cos 0 . z” +1, is solved by every 


Let uv = p, then w+ v? 4- = O, or | 


value of r which solves 2? — 2 cos (12m) „£ +1 = 0: for (72) 


1 i 1 
2 cosp = t+- gis 2Zcosonp = 2 P 


Shew from this that the roots of the given equation are found by 
giving successive whole values to m in the formula 


COS (rr) -+ sin (+227) n V] 


and shew, as in (103), that there cannot be more than n roots. 
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(163.) Any quantity of the form a+) V —1 can be reduced to 
the form r(cos0 + sin 0 —1). The conditions evidently are, that 
tan 0 = b—a, and r = /a?+ b. Hence it is easy to shew, that 
all functions of a +b V —1, &c. may be reduced to the same form : 
thus (115) we have 


(a+b VTi) (a +b V T) — rr jcos(0- 4) E sind - £)V/ — 1] 
(a+bt —1)" = rfeosnd+ sin nd V/ — 1] 


We may express a + b V —1 in the form re Y/—1, which is the most 
compendious method of expressing any algebraical quantity what- 
soever, aud allows of r being supposed positive. A negative quantity 
is expressed by making 0 any odd multiple of x (102); a positive 
quantity by making 0 any even multiple of +: a quantity of the 


— aS 7 
form J- b —1 or — b V —1, by making 0 of the form (4m+1)5 


or (4m 3)7, and one of the fon a--bV —1 by a value of 0, 


which is no whole multiple whatsoever of a right angle. 

(164.) Among possible expressions, those of the form A cos(a6+<) 
or A sin (a0 +), are such that the sum or difference of any of them 
is always reducible to the same-form, whatever the values.of A and «æ 
may be, provided only that a always remains the same. The two 
forms are not essentially different, for 


Asin(aé+a) is Acos (aa + a—=) 
2 

To prove the theorem, observe that 

Acos(ad+a)+A'cos(ad+a’) = (Acosa + A'cos a’) cos a d 

— (Asin a + Á'sin «") sin ad 

Assume 

A cos a + A’ cos a = Leosa A sin a+ A’sin a= Lsin A 
or L = V A? J- A* -2 A A’ cos (a — a), 
Asin e + A'sin g’ 
A COS æ + A'cos «’ 


whence Acos(aé+a)+ <A’ cos(aé+a’) = Lcos(a 4-7) 


tan à = 


(165.) I shall conclude this chapter with some examples of a 
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process known by the name of successive substitution. Let us sup- 
pose any function of z, gz, and that, beginning with a value of x, 
say a, we form ga = b, $b = c, $c =e, &c. Or, agreeably to the 
notation of (122), suppose that we form $a, $?a, ga, &c. Then the 
limit towards which we approach, if we approach any limit at all, 
must be a solution of dx = x. 

For instance, take the function 1+- 3z: begin with v = 0, and 
successive substitution then gives 


l, 143, 14+3(18) oc 12, 14+3(12) or 14, &e. &c. 
the limit is 2, which is the solution of 1+ 4z = zx. 

To prove this generally, suppose it found that we can bring the 
results of successive substitutions as near as we please by carrying 
the process far enough. Let k and k--z be the results of two 
successive substitutions: then, by hypothesis, k + z = 9k. The 
smaller z is, the more nearly does k solve the equation gr = vr. 
Let l be the limit, and let A = / 4-3, where 3 may be as small as 
we please. Then ¢/+ 3 4- z = (l+ 3), which being true for values 
of 3 and z as small as we please, gives (Algebra, page 157) ol = l. 

(166.) As an example, let the function be 20 + sinz, where 20 
means 20 degrees, and siny is to be reckoned as a fraction of a 
degree. We begin with z = 0, which gives 20°; then 20°+ sin 20° 
is 20?-342, or 20? 20/3, and 20?-- sin (20? 20/3) is 20*:347 ; which 
is a near approximation to the solution of z = 20 + sin x where 
.. 1 means one degree. 

(167.) Successive substitutions, finite in number, will sometimes 
give theorems by which the logarithmic tables may be examined in 
many parts at once. For instance, 

X 


sing = 2 sin —cos— or sine — sin x . sec 
m 2 Z 2^ ° 2 


4 sin — = 9 sin sec— — sin z sec Sues 
4 2 4 2' 4 


Basic O sin = Get geo — msn d see — Gee SEO 
8 2 4 8 2 4 8 


and so on; whence it follows that 


Ən sin S = sind. sec Ž sec — PER sec — 
2" 2 4 Q" 


or cos —. Cos —. COS — cos — sin z — 2” sin ad 
2' 4' LA S 9n A— e 9^ 
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If n increase without limit, the limit of tbe last dividor is z; 
whence 
I 


T r r sin X 
cos — COS— COS— ec iU inf. the limit — 
$5 =r OS 3 CO 16 ad inf. has the limi : 


This affords an easy method of verifying the value of x, as follows: 


Rr " 
assume 7 = 7, we have then 


-— E E 
4 8 16 

log cos 45? Of 0” | 98494850 — 10 
.... 22 30 0 | 9°9656153 — 10 
Seu. 141 15 0 9-9915739 — 10 
.... 5 37 30 9 9979037 — 10 
... 2 48 45 9-9994766 — 10 
Seu. 1 24 22:5 9-9998692 — 10 
S. 00 42 113 9:9999673 — 10 
eue 021 57 9-9999918 — 10 
... O 10 329 9-9999980 — 10 
.. 0 5 165 9-9999995 — 10 
S. 0 2 383 9-9999999 — 10 


109°8038802 — 110 
:3010300 


log 3:141593 -4971498 


I should, however, recommend the student not to proceed further 
in the subject of developement of trigonometrical forms, until he 
is able to apply the Differential Calculus, without which the theory 
of series will always be very incomplete. 


THE END. 
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